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Abstract
It is shown how the pinch technique algorithm may be consistently extended beyond
the one-loop level to obtain the gauge-independent two-loop fermion self-energy −iΣˆ(2)(p)
in QCD in the pinch technique approach. The starting point for the construction is
the general diagrammatic representation of the two-loop quark self-energy in terms of
renormalized one-loop two- and three-point function and tree level Bethe-Salpeter-type
quark-gluon scattering kernel insertions in the one-loop quark self-energy. Using factors
of longitudinal gluon four-momentum only from lowest order gauge field propagators and
triple gauge vertices to trigger the relevant Ward identities, the function −iΣˆ(2)(p) is
explicitly constructed from the consideration of the two-loop QCD corrections to the
Compton scattering of a photon off a quark. It is shown that the resulting pinch technique
self-energy −iΣˆ(2)(p) is gauge-independent at all momenta, does not shift the position of
the propagator pole and is multiplicatively renormalizable by local counterterms. The
demonstration of the gauge independence is based on an efficient diagrammatic method
to deal with the several dozen two-loop diagrams involved. It is explicitly shown by this
example that the general correspondence between the pinch technique n-point functions
and those obtained in the background field method in the Feynman quantum gauge ξQ = 1
does not persist beyond one loop.
1 Present address: Rutherford Appleton Laboratory, Chilton, Didcot, Oxon., OX11 0QX, U.K.
Email: jay.watson@rl.ac.uk
1 Introduction
The pinch technique (PT) [1–7] is a well-defined algorithm for the rearrangement of contribu-
tions to conventional one-loop n-point functions in gauge theories to obtain one-loop “effec-
tive” n-point functions which, most notably, are entirely independent of the particular gauge
fixing procedure used (covariant, non-covariant, background field etc). This rearrangement of
one-loop perturbation theory is based on the systematic use of the tree level Ward identities
of the theory to cancel among Feynman integrands all factors of longitudinal four-momentum
associated with gauge fields propagating in loops. In addition to being gauge-independent,
the PT n-point functions display a wide range of further desirable theoretical properties.
In particular, they satisfy simple tree-level-like Ward identities corresponding to the gauge
invariance of the classical lagrangian. As a result of these properties, the PT has been ad-
vocated as the appropriate theoretical framework for a broad range of applications in which
one is forced to go beyond the strictly order-by-order computation of S-matrix elements, or
to consider amplitudes for explicitly off-shell processes [4–8].
A fundamental criticism of the PT approach, however, is that, to date, it has remained
restricted to the one-loop level: it has yet to be shown how the PT algorithm may be consis-
tently extended beyond the one-loop level to obtain one-particle-irreducible (1PI) multi-loop
n-point functions with the same desirable properties as at one loop. From a theoretical point
of view, this extension is clearly essential if it is to be shown that the PT is more than just
an artefact of the one-loop approximation. In particular, one would like to know whether the
correspondence [9] between the PT gauge-independent n-point functions and those obtained
in the background field method (BFM) [10,11] in the Feynman quantum gauge ξQ = 1 persists
beyond one loop.2 From a phenomenological point of view, many of the applications of the
PT increasingly demand accuracy beyond the one-loop level.
In attempting to extend the PT beyond the one-loop approximation, two basic problems
arise:
(1) How to deal consistently with triple gauge vertices all three legs of which are associated
with gauge fields propagating in loops? In the PT at the one-loop level, the factors of longi-
tudinal four-momentum associated with gauge fields propagating in loops originate from tree
level gauge field propagators and triple gauge vertices. In particular, the triple gauge vertices
which occur in one-loop diagrams always have one external leg Aaµ(q) and two internal legs
Arρ(k1), A
s
σ(k2). It is then possible to decompose such vertices so as to isolate unambiguously
the longitudinal factors k1ρ, k2σ associated with the internal gauge fields. Beyond one loop,
however, there occur triple gauge vertices for which all three legs are internal. It is thus un-
clear how to decompose such vertices in order to identify the associated longitudinal factors
which then trigger the PT rearrangement.
(2) How to deal consistently with the “induced” factors of longitudinal internal gauge field
four-momentum which originate from internal loop corrections? Beyond the one-loop level,
in addition to the factors of longitudinal internal gauge field four-momentum from tree level
2 For explanations of why the PT one-loop n-point functions are distinguished on physical grounds from
those obtained in the BFM for arbitrary values of the quantum gauge fixing parameter ξQ, see Refs. [5, 7].
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gauge field propagators and triple gauge vertices, there occur further such factors originating
from the invariant tensor structure of internal loop corrections. A simple example are the
longitudinal factors occurring in the transverse structure of the gluon self-energy in QCD. It
is thus unclear whether or not such “induced” factors should also be used to trigger the PT
rearrangement; and, if so, how this may be done consistently.
In addition to these two problems of principle, one is also faced at the diagrammatic
level with the algebraic complexity of attempting to implement the PT rearrangement among
multi-loop n-point functions starting from arbitrary gauges.
The purpose of this paper is to take the first step towards solving the first of the above
problems. At the two-loop level to be considered here, the two problems are uncoupled and
so can be investigated separately and successively: one has first of all to solve (1) in order to
identify the one-loop internal corrections needed before one can address (2). By investigating
here only the first problem, we effectively assume that the correct approach will turn out to
be not to use the “induced” longitudinal factors to trigger further the PT rearrangement. In
particular, throughout this paper, “the PT” will be understood to mean the PT algorithm
implemented using only the longitudinal factors from lowest order gauge field propagators and
triple gauge vertices. The possibility that one should in fact then go on to use the “induced”
longitudinal factors to trigger further the PT rearrangement will be briefly discussed in the
conclusions.
We consider the construction in the PT approach of the two-loop fermion self-energy
in QCD. On the one hand, this example is non-trivial in that it involves diagrams with
triple gauge vertices all three legs of which are internal. On the other hand, the quark self-
energy is simpler than, e.g., the two-loop gluon self-energy in the PT approach, since (i) the
construction of the corresponding PT one-loop function is almost trivial, and (ii) the PT two-
loop quark self-energy may be obtained from two-loop processes involving no diagrams with
tree level four-point functions (quadruple gauge vertices or, possibly, gauge-ghost vertices).
The starting point for the construction is the general diagrammatic representation of the
two-loop quark self-energy in terms of renormalized one-loop two- and three-point function
and tree level Bethe-Salpeter-type quark-gluon scattering kernel insertions in the one-loop
quark self-energy. In terms of this diagrammatic representation, the first problem above
may be recast as: how to reorganize consistently the contributions to the two-loop Feynman
integrands involved so as to isolate, first, the PT one-loop n-point functions occurring as
internal corrections, and thence the corresponding PT tree level Bethe-Salpeter-type kernel
insertion? It will be shown here how, for the case of the two-loop fermion self-energy, this
first problem may be consistently solved—and that the solution turns out to be remarkably
simple.
The paper is organized as follows. In section 2, the construction of the PT gauge-
independent one-loop quark self-energy −iΣˆ(1)(p) is reviewed. In section 3, the general
diagrammatic representation which provides the basis for the construction of the PT two-
loop quark self-energy −iΣˆ(2)(p) is described. In section 4, it is shown how the problem of
purely internal triple gauge vertices in the PT is solved for the case in hand, enabling the
consistent construction of −iΣˆ(2)(p) starting from the ordinary Feynman gauge. In section 5,
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the construction is generalized to the class of arbitrary linear covariant gauges in order to
demonstrate explicitly the gauge independence of −iΣˆ(2)(p). In section 6, it is shown that the
resulting two-loop function is renormalizable via the explicit calculation of the required two-
loop counterterms. It is also shown that the PT two-loop quark self-energy leaves unchanged
the position of the pole in the Dyson-summed fermion propagator (to two-loop order), and
does not coincide with the self-energy obtained in the BFM at ξQ = 1. A discussion and
conclusions are given in section 7.
2 The pinch technique one-loop quark self-energy
We begin by reviewing the construction of the PT quark self-energy at the one-loop level [3].
This is worthwhile since the technique used here for the rather trivial one-loop case will be
extended to the non-trivial two-loop case in the subsequent sections.
We work in the class of ordinary linear covariant gauges with QCD gauge parameter ξ
(ξ = 0 is the Landau gauge). The free gluon and quark propagators are thus given by
iDµν(q, ξ) =
i
q2 + iǫ
(
−gµν + (1− ξ)
qµqν
q2
)
, (2.1)
iS(q) =
i
q/−m+ iǫ
, (2.2)
respectively, where m is the renormalized mass of the given quark.3
It will be convenient to introduce transverse and longitudinal projection operators as
follows:
tµν(q) = gµν −
qµqν
q2
, lµν(q) =
qµqν
q2
. (2.3)
Also, we use as abbreviation for the volume element appearing in the Feynman integrals
[dk] = µ2ǫ
ddk
(2π)d
(2.4)
(we work always in d = 4− 2ǫ dimensions with ‘t Hooft mass scale µ).
In the conventional perturbation theory approach, the renormalized one-loop fermion self-
energy (two-point function) in QCD is specified by the diagrams shown in Fig. 1:
Fig. 1a = −iΣ(1)(p, ξ) = CF g
2
∫
[dk]Dρρ
′
(k, ξ)γρS(p− k)γρ′
+(Z2 − 1)
(1)
ξ i(p/−m)− (Z2(Zm − 1))
(1)
ξ im (2.5)
= −i
(
Σ
(1)
1 (p
2, ξ) + (p/−m)Σ
(1)
2 (p
2, ξ)
)
, (2.6)
where CF is the quadratic Casimir coefficient for the fundamental representation (CF =
(N2 − 1)/2N for SU(N)) and g is the renormalized QCD gauge coupling (αs = g
2/4π).
In Eq. (2.5), Z2 and Zm are the quark wavefunction and mass renormalization constants,
3Throughout, our approach is purely perturbative; all issues of confinement are ignored.
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Fig. 1. The Feynman diagrams specifying the conventional renormalized one-loop fermion self-energy
−iΣ(1)(p, ξ) in QCD. The straight (curly) line represents the fermion (gluon) propagator. The black
blob represents the sum of the fermion wavefunction and fermion mass counterterms.
respectively (ψ0 = Z
1/2
2 ψ and m0 = Zmm, where the subscript 0 denotes bare quantities);
the subscript ξ indictes the class of linear covariant gauges, while the superscript (1) denotes
the O(αs) term in the perturbative expansion. Carrying out the integration, the one-loop
functions Σ
(1)
1 and Σ
(1)
2 are given by (cf. e.g. Ref. [12])
Σ
(1)
1 (p
2, ξ) =
αs
4π
CFm
{
3CUV − 3 ln
(
m2 − p2
µ2
)
+ 1 +
(
3 + ξ − ξ
m2
p2
)
L
}
+ (Zm − 1)
(1)
ξ m ,
(2.7)
Σ
(1)
2 (p
2, ξ) =
αs
4π
CF ξ
{
−CUV + ln
(
m2 − p2
µ2
)
− 1−
m2
p2
L
}
− (Z2 − 1)
(1)
ξ , (2.8)
where CUV = ǫ
−1+ln(4π)−γE , with γE Euler’s constant, and L = 1+(m
2/p2) ln[1−(p2/m2)].
In general, and as exemplified by Eqs. (2.7) and (2.8), the conventional self-energy Σ(p, ξ)
depends on the particular choice of gauge for all values of the fermion four-momentum p
except at p/ = M where M is the pole mass, defined from the solution of the transcendental
equation
p/−m− Σ(p, ξ)
∣∣∣
p/=M
= 0 . (2.9)
The gauge-independent [13] (and infrared-finite [14]) pole mass M is related in perturbation
theory to the gauge-independent renormalized mass m by
M = m
{
1 +
(
αs
4π
)
c1 +
(
αs
4π
)2
c2 + . . .
}
, (2.10)
where the coefficients ci are renormalization scheme- and scale-dependent. For example, in
the modified minimal subtraction (MS) scheme, from Eq. (2.7), c1 = CF [4 + 3 ln(µ
2/M2)],
while c2 may be found in Refs. [15, 16].
In the PT approach, the conventional self-energy (2.5) is considered as just one particular
correction to a given tree level process 1+2→ 3+4 involving the fermion as virtual interme-
diate state. The construction of the PT fermion self-energy is then based on the recognition
that the integrands for the conventional vertex and box corrections to this process have well-
defined components with exactly the same structure as that of the conventional self-energy.
These components occur as a result of the presence in the integrands of factors of longitudinal
four-momentum kρ associated with the gluons A
r
ρ(k) propagating in loops. When contracted
with the adjacent tree level vertices, these longitudinal factors trigger the associated elemen-
tary Ward identities. The triggering of these Ward identities results in the rearrangement of
the propagator and vertex structure of the integrand. After systematically contracting all
4
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p1, ν
p2
p3, µ
p4
Fig. 2. The kinematics of the QCD Compton scattering process qγ → qγ. The wavy lines represent
the photons.
such longitudinal factors, the contributions to the PT fermion self-energy (“effective” two-
point function) are identified from the resulting integrands by their naive self-energy-like
propagator structure.
In order to construct the PT one-loop quark self-energy, we consider the O(αs) QCD
corrections to the lowest order Compton scattering qγ → qγ of a photon off a quark with
electromagnetic charge Q. The kinematics of this process are shown in Fig. 2. Given that
the gluons only couple directly with the quark, this is the very simplest process from which
to construct the PT quark self-energy. Indeed, the fact that the non-abelian character of the
gluons plays essentially no role at the one-loop level in this process will make the construction
almost trivial (one could use more complicated one-loop process involving also purely non-
abelian interactions, e.g. the Compton-like scattering qg → qg of a gluon off a quark as in [3]).
For convenience, the quarks are taken to be on-shell, although this need not be so [6].
The set of six diagrams specifying the one-loop QCD corrections to the tree level scatter-
ing process are shown in Figs. 3a–f (the corresponding set of diagrams with crossed external
photon legs are not shown, nor are the counterterm insertion diagrams). The QCD contri-
bution to the PT renormalized one-loop quark self-energy (“effective” two-point function)
−iΣˆ(1)(p) is defined from the coefficient Σˆ′(1)(p, k) of the component of the integrands for the
diagrams in Figs. 3a–f which, after the systematic contraction of all factors of longitudinal
internal gluon four-momentum, has the following self-energy-like structure:∫
[dk] iQγµ iS(p)
(
−iΣˆ′(1)(p, k)
)
iS(p) iQγν (2.11)
where
p = p1 + p2 = p3 + p4 (2.12)
and iQγµ, iQγν are the tree level γqq vertices. Then
− iΣˆ(1)(p) = −i
∫
[dk] Σˆ′(1)(p, k) + (Z2 − 1)
(1)
PTi(p/ −m) − (Z2(Zm − 1))
(1)
PTim . (2.13)
In the above expression, Z2 and Zm are the quark wavefunction and mass renormalization
constants in the PT framework, determined at O(αs) from the divergence structure of the
integral in Eq. (2.13) as d → 4. It is emphasized that the definition of the PT “effective”
two-point function is in terms of the Feynman integrands corresponding to the diagrams for
the interactions: all rearrangements in the PT are carried out under the integral sign(s).
5
(a)
(b)
(c)
(d)
(e)
(f)


=


(g)
(h)


k
✲
p− k


(i)
(j)
Fig. 3. a–f: The Feynman diagrams specifying the one-loop QCD corrections to the Compton scat-
tering process qγ → qγ.
We first consider the four diagrams shown in Figs. 3a–d. In order to deal efficiently with
these one-loop diagrams (and, in later sections, with various two-loop diagrams too) it is
convenient to define the connected four-point function Grρµ(q1, q2, q3, q4) specifying the tree
level coupling of a gluon Arρ(q1) and a photon Aµ(q2) to a quark with electromagnetic charge
Q. The two relevant diagrams are shown in Fig. 4:
Figs. 4a + 4b = iQg Grρµ(q1, q2, q3, q4) (2.14)
= iQg
(
−γµS(q1 + q3)γρT
r − γρT
rS(q4 − q1)γµ
)
(2.15)
6
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q1, ρ, r
q2, µq3
q4
(a) (b)
Fig. 4. The Feynman diagrams specifying the tree level four-point function Grρµ(q1, q2, q3, q4).
with q1 + q2 + q3 = q4. In Eq. (2.15), the hermitian matrices T
r are the generators for the
fermion representation, satisfying [T a, T b] = ifabcT c. Using the elementary Ward identity
q/ = S−1(q + q′)− S−1(q′) , (2.16)
this four-point function is easily shown to obey the Ward identity
qρ1G
r
ρµ(q1, q2, q3, q4) = γµS(q1 + q3)T
rS−1(q3)− S
−1(q4)T
rS(q4 − q1)γµ . (2.17)
As indicated in Fig. 3, the sum of the four diagrams 3a–d may be expressed as the sum
of all possible contractions of the diagrams 3g and 3h with the diagrams 3i and 3j, where
the straight (curly) line between these diagrams represents the propagator for the fermion
(gluon) propagating in the loops. The sums of the diagrams 3g+3h and 3i+3j are each just
the connected four-point function defined in Eq. (2.15). Thus, the sum of the four one-loop
diagrams 3a–d for arbitrary ξ may be written as
Figs. 3a−d = Q2g2
∫
[dk]Dρρ
′
(k, ξ)Grρµ(k,−p3, p−k, p4)S(p−k)G
r
ρ′ν(−k, p1, p2, p−k) (2.18)
(spinors for the on-shell external fermions have been omitted). In order to identify the PT
“effective” two-point component of these diagrams, it is then necessary to contract systemati-
cally the factors of longitudinal gluon four-momentum occurring in the integrand in Eq. (2.18),
triggering the tree level Ward identities. Using the Ward identity (2.17), together with the
fact that S−1(p2) = S
−1(p4) = 0 for the on-shell external fermions, we easily obtain
Figs. 3a−d = −Q2g2
∫
[dk]
1
k2
{
Grρµ(k,−p3, p− k, p4)S(p− k)G
ρ,r
ν (−k, p1, p2, p − k)
−CF (1− ξ)
1
k2
γµS(p)γν
}
. (2.19)
It remains to consider the two external leg corrections in Figs. 3e and 3f. These diagrams
are given by
Figs. 3e + 3f =
1
2
Q2g2
∫
[dk]Dρρ
′
(k, ξ)
{
γµS(p)γνS(p2)γρT
rS(p2 − k)γρ′T
r
+ γρT
rS(p4 − k)γρ′T
rS(p4)γµS(p)γν
}
. (2.20)
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kρ ✲
(a)
pinch
✲ +
(b)
+ · · ·
kρ ✲
(c)
pinch
✲ −
(d)
Fig. 5. The elementary cancellation occurring among the diagrams i and j in Fig. 3 when contracted
with the gluon longitudinal four-momentum kρ, and expressed in the Ward identity Eq. (2.17).
Using the elementary Ward identity (2.16) for the longitudinal factors kρ, kρ
′
occurring in
Eq. (2.20), together with S−1(p2) = S
−1(p4) = 0 for the on-shell external fermions, we obtain
Figs. 3e + 3f = −
1
2
CFQ
2g2
∫
[dk]
1
k2
{
γµS(p)γνS(p2)γρS(p2 − k)γρ′
+ γρS(p4 − k)γρ′S(p4)γµS(p)γν + 2(1 − ξ)
1
k2
γµS(p)γν
}
. (2.21)
Combining the expressions (2.19) and (2.21), the last terms cancel, giving
Figs. 3a−f = −Q2g2
∫
[dk]
1
k2
{
Grρµ(k,−p3, p− k, p4)S(p − k)G
ρ,r
ν (−k, p1, p2, p− k)
+
1
2
CF
(
γµS(p)γνS(p2)γρS(p2 − k)γρ′+ γρS(p4 − k)γρ′S(p4)γµS(p)γν
)}
. (2.22)
Having thus contracted all longitudinal factors appearing in the integrands in Eqs. (2.18)
and (2.20), the expressions for the two four-point functions may now be substituted into the
resulting Eq. (2.22). The PT “effective” two-point component of the integrand may then be
isolated according to the definition (2.11):
Figs. 3a−f |2−pt = −CFQ
2g2
∫
[dk]
1
k2
γµS(p)γρS(p− k)γ
ρS(p)γν . (2.23)
Then, from the definitions (2.11) and (2.13),
− iΣˆ(1)(p) = −CF g
2
∫
[dk]
1
k2 + iǫ
γρS(p− k)γ
ρ + (Z2 − 1)
(1)
PTi(p/−m) − (Z2(Zm − 1))
(1)
PTim
(2.24)
where the +iǫ prescription has been restored in the gluon propagator.
Several remarks are in order:
(1) In the contribution to the PT self-energy Eq. (2.24) from the diagrams 3a–d, an
elementary cancellation has occurred between (i) the component of the diagram 3i in which
the internal fermion propagator S(p) has been cancelled (pinched) by the action of the ξ-
dependent longitudinal factor kρ from the gluon propagator, and (ii) the entire contribution
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of the diagram 3j in which the internal fermion propagator S(p4 − k) has been cancelled
(pinched) by the action of the same factor. This cancellation is illustrated in Fig. 5, and is
encoded in the Ward identity (2.17) for the four-point function Grµρ in Eq. (2.18). An identical
cancellation takes place for the diagrams 3g and 3h when contracted with the factor kρ
′
. By
dealing with the set of diagrams 3a–d, as opposed to individual diagrams, we have been able
to make these cancellations among the conventional self-energy, vertex and box functions
simply and immediately. These cancellations leave just the tadpole-like term proportional to
(1−ξ)k−4 in Eq. (2.19), which is then cancelled algebraically by a similar term in Eq. (2.21) for
the external leg corrections.4 While elementary in the one-loop case, this approach, involving
the simultaneous consideration of subsets of diagrams, when extended to the two-loop case
will greatly facilitate the construction of the PT two-loop quark self-energy in the following
sections, in particular the demonstration of its gauge independence.
(2) Here we have chosen to work in the class of ordinary linear covariant gauges. However,
we could have started in any gauge, i.e. with gluon propagator
iDµν(q, a, b) =
i
q2 + iǫ
(
−gµν + aµ(q)qν + qµaν(q) + b(q)qµqν
)
. (2.25)
For example, in the class of non-covariant gauges defined by adding to the classical lagrangian
the gauge-fixing term Lgf = −(n · A
a)2/2λ for some four-vector nµ and constant λ, one has
aµ(q) = nµ/n · q and b(q) = −(n
2 + λq2)/(n · q)2. In all cases, an exactly similar algebraic
cancellation takes place among contributions to the PT “effective” two-point component of the
interaction. In particular, all integrands involving terms (n·k)−1, (n·k)−2 cancel algebraically,
and so present no difficulties. Thus, the PT self-energy Eq. (2.24) is fully gauge-independent.
(3) The PT gauge-independent one-loop quark self-energy coincides with that obtained
in the conventional Feynman gauge ξ = 1, which in turn coincides with that obtained in the
BFM in the Feynman quantum gauge ξQ = 1 [3]:
− iΣˆ(1)(p) = −iΣ(1)(p, ξ = 1) = −iΣ
(1)
BFM(p, ξQ = 1) . (2.26)
This is in fact obvious: in the integrands for the one-loop corrections to the process qγ →
qγ, the only sources of factors of longitudinal internal gluon four-momentum are the gluon
propagators. Starting from the gauge ξ = 1, these factors are not present. Thus, for this
particular process in this particular gauge, no Ward identities are triggered (there is “no
pinching”), and one obtains the PT one-loop quark self-energy directly from the conventional
self-energy.
(4) The above construction of Σˆ(1)(p) involved the process qγ → qγ. However, we could
have used any one-loop process involving the quark as intermediate virtual state, i.e. the
self-energy Eq. (2.24) is universal.
4Note that we do not set these integrals to zero in dimensional regularization.
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2(a)
=
1
(b)
+
1
(c)
+ 1
(d)
+ 1
(e)
− 0
(f)
+
(g)
=
(h)
+
(i)
+
(j)
+
(k)
+
(l)
+
(m)
+
(n)
+
(o)
Fig. 6. The Feynman diagrams specifying the renormalized two-loop vacuum polarization in QED.
The grey blobs marked “1” represent the renormalized one-loop internal corrections. The grey box
marked “0” represents the lowest order contribution to the electron-positron scattering kernel. The
black blobs represent the counterterm insertions.
3 The pinch technique two-loop quark self-energy
We now turn to the 1PI two-loop quark self-energy in the PT approach. In this section, the
general diagrammatic representation of the two-loop quark self-energy in terms of one-loop
two- and three-point function and tree level Bethe-Salpeter-type kernel insertions in the one-
loop quark self-energy is described. It is this diagrammatic representation which will provide
the basis for the explicit construction of the PT two-loop quark self-energy −iΣˆ(2)(p) in the
subsequent sections.
In order to gain insight, it is instructive to consider first the renormalized two-loop photon
self-energy (vacuum polarization) iΠ
(2)
µν (p) in QED. The diagrams which contribute to this
function are shown in Fig. 6. In Figs. 6b–g, the two-loop vacuum polarization has been
written in terms of renormalized one-loop two- and three-point functions, represented by the
grey blobs, inserted in all possible ways in the diagram for the one-loop vacuum polarization
iΠ
(1)
µν (p), minus a contribution involving the lowest order term in the perturbative expansion
of the electron-positron scattering kernel K, represented by the grey box, inserted in the
diagram for iΠ
(1)
µν (p). The kernel K is characterized by the fact that it has no contributions
involving annihilation into a one-particle (photon) intermediate state and is 2PI with respect
to the electron-positron pair of lines (cf. e.g. chapter 19 of Ref. [17]). The contribution in
Fig. 6g is the two-loop counterterm required finally to renormalize the two-loop function. The
representation in Figs. 6b–g involving the electron-positron scattering kernel follows from the
Dyson-Schwinger equations for QED (cf. in particular Fig. 19.45 of Ref. [17]; for a review of
the applications of Dyson-Schwinger equations, see Ref. [18]). The diagrams which contribute
to the one-loop internal corrections and at lowest order to the scattering kernel are in turn
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1(a)
=
(b)
+
(c)
1
(d)
=
(e)
+
(f)
0
(g)
=
(h)
Fig. 7. The Feynman diagrams specifying the renormalized one-loop fermion self-energy (7a) and
photon-fermion vertex (7d), and the lowest order contribution to the electron-positron scattering
kernel (7g) in QED.
shown in Fig. 7. Substituting the diagrams of Fig. 7 into the representation in Figs. 6b–g,
we recover the usual two-loop perturbation theory diagrams for the vacuum polarization as
shown in Figs. 6h–o. In particular, in the language of individual two-loop Feynman diagrams,
the effect of the kernel insertion contribution of Fig. 6f is to compensate for the overcounting
which would otherwise occur due to the two vertex insertion contributions of Figs. 6d and 6e.
For the case of the conventional renormalized two-loop fermion self-energy −iΣ(2)(p, ξ)
in QCD, the diagrams which contribute to this function are shown in Fig. 8. In Figs. 8b–g,
the two-loop fermion self-energy has been written in terms of renormalized one-loop two-
and three-point functions, represented by the grey blobs, inserted in all possible ways in the
diagram for the one-loop fermion self-energy −iΣ(1)(p, ξ), minus the contribution shown in
Fig. 8f involving the grey box inserted in the diagram for −iΣ(1)(p, ξ). The representation
of the two-loop QCD fermion self-energy in Figs. 8b–g is the exact analogue of the represen-
tation of the two-loop QED photon self-energy in Figs. 6b–g. In particular, the component
represented by the grey box in Fig. 8f consists of all possible ways of coupling an incoming
and an outgoing quark-gluon pair (with external legs truncated) at tree level, except for the
contribution involving annihilation into a one-particle (quark) intermediate state. The box
in Fig. 8f is thus the lowest order contribution to a Bethe-Salpeter-type kernel V , the ana-
logue for the quark-gluon pair of the lowest order QED electron-positron kernel appearing in
Fig. 6f. The contribution in Fig. 8g represents the two-loop counterterms required finally to
renormalize the two-loop function. The diagrams which contribute to the one-loop internal
corrections in Figs. 8b–e and the tree level Bethe-Salpeter-type quark-gluon kernel in Fig. 8f
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2(a)
= 1
(b)
+
1
(c)
+ 1
(d)
+ 1
(e)
−
0
(f)
+
(g)
=
(h)
+
(i)
+
(j)
+
(k)
+
(l)
+
(m)
+
(n)
+
(o)
+
(p)
+
(q)
+
(r)
Fig. 8. The Feynman diagrams specifying the conventional renormalized two-loop fermion self-energy
in QCD. The grey blobs marked “1” represent the renormalized conventional one-loop internal correc-
tions. The grey box marked “0” represents the conventional lowest order contribution to the Bethe-
Salpeter-type quark-gluon kernel. The black blobs represent the conventional counterterm insertions.
are in turn shown in Fig. 9.5 Substituting the diagrams of Fig. 9 into the representation in
Figs. 8b–g, we recover the usual two-loop perturbation theory diagrams for the conventional
quark self-energy as shown in Figs. 8h–r. Just as in the case of the two-loop vacuum polariza-
tion, when the representation in Figs. 8b–g is written in terms of individual two-loop Feynman
diagrams, the effect of the kernel insertion contribution in Fig. 8f is to compensate for the
overcounting which would otherwise occur due to the two vertex insertion contributions in
Figs. 8d and 8e.
From the point of view of the PT, the significance of the diagrammatic representations
shown in Figs. 6b–g and 8b–g lies in the fact that they provide an entirely general repre-
sentation of the respective two-loop two-point functions which is: (i) explicitly in terms of
renormalized one-loop corrections to the tree level propagators and vertices occurring in the
corresponding one-loop two-point function, these corrections being just those obtained in
perturbation theory at the one-loop level; and (ii) symmetric, in the sense that the internal
corrections appear inserted in all possible ways in the corresponding one-loop two-point func-
tion, so that no orientation of the overall set of diagrams is preferred.6 In the case of the
two-loop fermion self-energy in the PT framework, it is this symmetric property of the
5For the one-loop gluon self-energy in Fig. 9d, the diagram involving the quadruple gauge vertex has been
omitted since it vanishes in dimensional regularization.
6It should be pointed out that the symmetric organisations shown in Figs. 6b–g and 8b–g of the con-
tributions to the two-loop photon and quark self-energies differ from the asymmetric organisations obtained
directly from the Dyson-Schwinger equation for the respective self-energies, expanded out to two-loop order in
terms of renormalized one-loop internal corrections (cf. e.g. Ref. [18]). It is precisely the introduction of the
kernel insertion contributions which enables the self-energies to be represented in the symmetric way shown
in Figs. 6b–g and 8b–g.
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1(a)
=
(b)
+
(c)
1
(d)
=
(e)
+
(f)
+
(g)
+
(h)
1
(i)
=
(j)
+
(k)
+
(l)
0
(m)
=
(n)
+
(o)
Fig. 9. The Feynman diagrams specifying the conventional renormalized one-loop quark self-energy
(9a), gluon self-energy (9d) and quark-gluon vertex (9i), and the lowest order contributions to the
conventional Bethe-Salpeter-type quark-gluon kernel (9m) in QCD. The dashed lines represent ghosts.
representation which will enable the consistent solution of the first problem described in the
introduction.
In the above examples, the renormalized one-loop corrections and the tree level kernels,
the one-loop diagrams into which they are inserted and the two-loop counterterms are each
the gauge-dependent functions obtained in conventional perturbation theory. If the extension
of the PT beyond one loop to construct the PT 1PI two-loop fermion self-energy −iΣˆ(2)(p) in
QCD is to be consistent, then clearly the one-loop corrections to the tree level propagators and
vertices appearing in the contributions to −iΣˆ(2)(p) analogous to Figs. 8b–e must consist of
the PT renormalized gauge-independent one-loop corrections inserted in the diagram for the
PT gauge-independent one-loop fermion self-energy −iΣˆ(1)(p).7 It then remains to determine
the PT tree level quark-gluon kernel Vˆ (0) which appears in the contribution analogous to that
in Fig. 8e; and also the required PT two-loop counterterm contributions, analogous to those
7 In the case of the vacuum polarization in QED, the corresponding requirement is trivial to satisfy: the
PT one-loop n-point functions in QED coincide with those obtained in the ordinary Feynman gauge, so that
one has simply to set ξ = 1 in Figs. 6b–f (recall that the vacuum polarization in QED is gauge-independent to
all orders).
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2ˆ(a)
= 1ˆ
(b)
+
1ˆ
(c)
+ 1ˆ
(d)
+ 1ˆ
(e)
−
0
ˆ
(f)
+ ˆ
(g)
Fig. 10. The diagrammatic representation of the PT renormalized two-loop fermion self-energy in
QCD. The grey, hatted blobs marked “1” represent the PT renormalized one-loop internal corrections.
The grey, hatted box marked “0” represents the as-yet-undetermined PT tree level quark-gluon kernel.
The black, hatted blob represents the as-yet-undetermined PT two-loop counterterm contributions.
The gluon propagators are all as in the Feynman gauge.
in Fig. 8f. The contributions to −iΣˆ(2)(p) are thus as illustrated in Fig. 10, in which the
hats denote the PT n-point functions, the as-yet-undetermined PT quark-gluon kernel and
the as-yet-undetermined PT two-loop counterterms.
It is at this point that we encounter the first problem described in the introduction,
concerning purely internal triple gauge vertices in the PT approach. In the PT at the one-
loop level, the factors of longitudinal four-momentum k1ρ, k2σ originating from the tree level
interaction of an external gluon Aaµ(q) and two internal gluons A
r
ρ(k1), A
s
σ(k2) are isolated
using the now-familiar decomposition of the triple gauge vertex:
Γµρσ(q, k1, k2) = Γ
F
µρσ(q; k1, k2) + Γ
P
µρσ(q; k1, k2) , (3.1)
where
ΓFµρσ(q; k1, k2) = (k1 − k2)µgρσ − 2qρgσµ + 2qσgρµ , (3.2)
ΓPµρσ(q; k1, k2) = −k1ρgσµ + k2σgρµ , (3.3)
with q + k1 + k2 = 0. The component Γ
F by definition contributes no factors of longitudinal
internal four-momentum k1ρ, k2σ, and obeys a Ward identity q
µΓFµρσ(q; k1, k2) = (k
2
2 − k
2
1)gρσ
involving the difference of two inverse gluon propagators in the Feynman gauge. The terms
in ΓF have simple interpretations: the term (k1 − k2)µgρσ is a convection term, independent
of the spin of the fields to which the gluon Aaµ(q) couples, while the term −2qρgσµ + 2qσgρµ
is a spin-1 magnetic interaction. The vertex ΓF coincides with that specifying the tree level
interaction of a background gluon Aaµ(q) and two quantum gluons Q
r
ρ(k1), Q
s
σ(k2) in the BFM
in the Feynman quantum gauge ξQ = 1. It is this component Γ
F which appears as the triple
gauge vertex in the PT one-loop n-point functions.8 The component ΓP by definition involves
only the factors of longitudinal internal four-momentum k1ρ, k2σ . It is this component Γ
P
which generates the “pinch parts” of the corresponding diagrams.
The decomposition (3.1)–(3.3) is represented diagrammatically in Fig. 11. Using the
representation of Fig. 11, the diagrams contributing to the PT one-loop quark self-energy,
gluon self-energy and quark-gluon vertex are shown in Fig. 12 (all gluon propagators in
Fig. 12 are as in the Feynman gauge).
8 For a discussion of the role played by the vertex Eq. (3.2) in the decomposition of QCD amplitudes into
supersymmetric and non-supersymmetric parts, see Ref. [19].
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q, µ
k1, ρ
k2, σ
Γµρσ(q, k1, k2)
=
ΓFµρσ(q; k1, k2)
+ ✡
✡✣
❏❏❫
ΓPµρσ(q; k1, k2)
Fig. 11. The diagrammatic representation of the decomposition Eq. (3.1) of the triple gauge vertex.
1
ˆ
(a)
=
(b)
+ ˆ
(c)
1
ˆ
(d)
=
(e)
+
(f)
+
(g)
+ ˆ
(h)
1
ˆ
(i)
=
(j)
+
(k)
+ ˆ
(l)
Fig. 12. The Feynman diagrams specifying the PT renormalized one-loop quark self-energy (12a), gluon
self-energy (12d) and quark-gluon vertex (12i). The gluon propagators are all as in the Feynman gauge.
These Feynman diagrams coincide with those of the BFM in the Feynman quantum gauge ξQ = 1.
In the case of the PT two-loop quark self-energy −iΣˆ(2)(p), the first problem of section 1
therefore becomes that of how to decompose the triple gauge vertices involved so as to obtain,
first of all, and starting from an arbitrary gauge, the internal one-loop pinch parts required
to construct the PT gauge-independent one-loop self-energy and vertex functions of Fig. 12
as the internal corrections shown in Figs. 10b–e. The key to the required rearrangement will
turn out to be a second, new decomposition of the triple gauge vertex:
Γρστ (k1, k2, k3) ≡ −2Γ
P
τρσ(k3; k1, k2)
+ΓFρστ (k1; k2, k3) + Γ
F
στρ(k2; k3, k1)− Γ
F
τρσ(k3; k1, k2) . (3.4)
Using the definitions (3.2) and (3.3), it is easily verified that the above identity indeed holds.
This identity is to be compared with the trivial identity relating the diagram in Fig. 8m to
15
k1, ρ, r k2, σ, s
p− k1 p+ k2
ˆ
0
(a)
=
(b)
+
(c)
Fig. 13. The Feynman diagrams specifying the contributions to the PT tree level Bethe-Salpeter-
type quark-gluon kernel. The gluon propagator in (b) is as in the Feynman gauge.
the triple gauge vertex contributions to the one-loop vertex corrections in Figs. 8d and 8e
and the kernel in Fig. 8f for the case of the conventional two-loop quark self-energy:
Γρστ (k1, k2, k3) ≡ Γρστ (k1, k2, k3) + Γστρ(k2, k3, k1)− Γτρσ(k3, k1, k2) . (3.5)
In the context of the process qγ → qγ, the construction of the PT renormalized two-loop
quark self-energy −iΣˆ(2)(p) may thus be broken down into three steps:
1. The rearrangement of the integrands for the conventional two-loop QCD corrections
to qγ → qγ to obtain as self-energy-like (“effective” two-point) components the inte-
grands for the contributions to −iΣˆ(2)(p) involving the PT one-loop n-point functions
as internal corrections shown in Figs. 10b–e.
2. The isolation of the remaining self-energy-like component of the two-loop corrections to
qγ → qγ in order to determine the PT tree level quark-gluon kernel Vˆ (0) appearing in
the contribution to −iΣˆ(2)(p) shown in Fig. 10f.
3. The calculation of the ultraviolet-divergent part of the contributions in Figs. 10b–f in
order to determine the PT O(α2s) renormalization constants (Z2−1)
(2)
PT and (Zm−1)
(2)
PT
required finally to renormalize −iΣˆ(2)(p), and shown in Fig. 10g.
We see that, assuming the first step can be successfully made, the construction of the PT
two-loop quark self-energy reduces to obtaining the PT tree level quark-gluon kernel and the
required PT two-loop counterterms.
At this point, it is important to remark that it is by no means clear that, having made the
first of the above steps, the second and third steps can be consistently carried out too. Thus,
in the second step, it is not clear that the resulting PT kernel Vˆ (0) appearing in the diagram
10f will, for example, indeed have no contributions involving annihilation into a one-particle
(quark) intermediate state. And in the third step, it is not clear that the rearrangement of
the two-loop contributions required in the first two steps will result in no divergences of the
form, for example, ǫ−1 ln(−p2/µ2) which then cannot be renormalized by local counterterms.
In the remainder of this paper, it is shown how the construction outlined above can
indeed be consistently carried out to obtain the two-loop quark self-energy −iΣˆ(2)(p) in the
PT approach. In particular, it is demonstrated that the contributions to the PT tree level
quark-gluon kernel Vˆ (0) are as shown in Fig. 13, i.e. exactly those of the conventional Feynman
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gauge quark-gluon kernel except that the triple gauge vertex involves just the component ΓF .
Thus, when inserted in some diagram, e.g. as in Fig. 10f, the PT kernel provides no factors of
longitudinal gluon four-momentum to trigger the Ward identities for the adjacent vertices. It
is explicitly shown that the PT self-energy −iΣˆ(2)(p) thus obtained is gauge-independent at
all momenta, is multiplicatively renormalizable by local counterterms and does not shift the
propagator pole position (to O(α2s)). Furthermore, it is shown that the PT two-loop quark
self-energy differs from that obtained in the BFM at ξQ = 1.
4 Construction of −iΣˆ(2)(p)
In this section, we consider the first two steps in the construction of −iΣˆ(2)(p) just outlined.
To this end, we consider the O(α2s) corrections to qγ → qγ consisting of “genuine” two-loop
diagrams, i.e. involving two d-dimensional loop momentum integrals. In order to make the
required rearrangements, it will be convenient to divide these two-loop diagrams into three
distinct classes. Furthermore, for simplicity, we choose here to start from the Feynman gauge
ξ = 1; the generalization of the construction to arbitrary ξ will be presented in section 5.
We note immediately that in the Feynman gauge the conventional self-energy diagrams 8b
and 8h provide directly the required contribution to −iΣˆ(2)(p) of the diagram 10b, involving
the renormalized PT one-loop quark self-energy as an internal correction to, in turn, the PT
one-loop quark self-energy.
4.1 Two-loop corrections involving one-loop gluon self-energy insertions
We first consider the two-loop QCD corrections to the process qγ → qγ which consist of
one-loop gluon self-energy insertions in the one-loop QCD corrections. The conventional
renormalized one-loop covariant gauge gluon self-energy is specified by the diagrams shown
in Figs. 9d–h:
Fig. 9d = iΠ(1)µν (q, ξ) = i
∫
[dk] Π′(1)µν (q, k, ξ) − (Z3 − 1)
(1)
ξ iq
2tµν(q) . (4.1)
In the above expression, Π
′(1)
µν (q, k, ξ) is the gauge-dependent integrand, given directly by
the usual covariant gauge Feynman rules for the diagrams 9e–g, while the last term is the
O(αs) contribution of the covariant gauge counterterm diagram 9h, where Z3 is the gluon
wavefunction renormalization constant (Aa0µ = Z
1/2
3 A
a
µ). The integrand in Eq. (4.1) may
be written as the difference between the integrand Πˆ
′(1)
µν (q, k) for the PT gauge-independent
one-loop gluon self-energy and the integrand ∆Π
′(1)
µν (q, k, ξ) for the gauge-dependent “pinch
part” of the conventional self-energy:
Π′(1)µν (q, k, ξ) = Πˆ
′(1)
µν (q, k)−∆Π
′(1)
µν (q, k, ξ) . (4.2)
The pinch part −∆Π
′(1)
µν (q, k, ξ) of the conventional self-energy is that which is cancelled by
the gauge-dependent self-energy-like pinch part +∆Π
′(1)
µν (q, k, ξ) of the integrands for one-loop
vertex and box diagrams in the PT at the one-loop level. This cancellation leaves Πˆ
′(1)
µν (q, k)
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as the integrand for the unrenormalized PT gauge-independent one-loop gluon “effective”
two-point function. The PT integrand Πˆ
′(1)
µν (q, k) coincides [9] with that obtained using the
Feynman rules of the BFM [10] with ξQ = 1.
In the particular case of the Feynman gauge ξ = 1, the pinch part of the self-energy
integrand (4.1) is given by9
i∆Π′(1)µν (q, k, 1) =
1
2
CAg
2 1
k2(k + q)2
{
−ΓFµρσ(q; k,−k − q)Γ
F,ρσ
ν (−q;−k, k + q)
− 2(2k + q)µ(2k + q)ν + Γµρσ(q, k,−k − q)Γ
ρσ
ν (−q,−k, k + q)
+ kµ(k + q)ν + (k + q)µkν
}
(4.3)
= iq2tµν(q)∆Π
′(1)(q, k, 1) (4.4)
where
∆Π′(1)(q, k, 1) = −2iCAg
2 1
k2(k + q)2
. (4.5)
In the above expressions, CA is the quadratic Casimir coefficient for the adjoint representation
(CA = N for SU(N)). We note that the integrand ∆Π
′(1)
µν (q, k, 1) is explicitly transverse.
The set of two-loop diagrams for the O(α2s) QCD corrections to qγ → qγ which involve
the unrenormalized one-loop gluon self-energy as internal corrections are shown in Figs. 14a–f
(the corresponding set of diagrams with crossed photon legs are not shown). Just as in the
case of the one-loop QCD corrections to qγ → qγ discussed in section 2, and as indicated
in Fig. 14, the sum of the four diagrams 14a–d may be expressed as the sum of all possible
contractions of the diagrams 14g and 14h with the diagrams 14i and 14j, where the curly line
with the grey blob between these diagrams represents the unrenormalized one-loop-corrected
covariant gauge gluon propagator. The sums of the diagrams 14g+14h and 14i+14j are again
each just the connected four-point function defined in Eq. (2.15). Thus, the sum of the four
two-loop diagrams 14a–d for arbitrary ξ may be written
Figs. 14a−d = −Q2g2
∫
[dk1][dk2]
1
k41
Π′(1)ρρ
′
(k1, k2, ξ)
×Grρµ(k1,−p3, p − k1, p4)S(p− k1)G
r
ρ′ν(−k1, p1, p2, p− k1) . (4.6)
Eq. (4.6) is precisely the two-loop analogue of Eq. (2.18); the two expressions differ only by
the fact that, instead of the tree level gluon propagator in (2.18), there appears the one-loop-
corrected gluon propagator in (4.6).
Substituting in (4.6) the decomposition (4.2) of the gluon self-energy integrand, and then
using the expression (4.4) for the case of the Feynman gauge gives
Figs. 14a−d|ξ=1 = −Q
2g2
∫
[dk1][dk2]
1
k41
(
Πˆ′(1)ρρ
′
(k1, k2)− k
2
1t
ρρ′(k1)∆Π
′(1)(k1, k2, 1)
)
×Grρµ(k1,−p3, p− k1, p4)S(p − k1)G
r
ρ′ν(−k1, p1, p2, p − k1) . (4.7)
9In Eq. (4.3), the conventional covariant gauge ghost term has been symmetrized. In Eq. (4.4), the dimen-
sional regularization rule
∫
[dk] k−2 = 0 has been used to drop terms which vanish upon integration.
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(a)
(b)
(c)
(d)
(e)
(f)


=


(g)
(h)


k1✲
p− k1


(i)
(j)
Fig. 14. a–f: The two-loop QCD corrections to the process qγ → qγ consisting of unrenormalized one-
loop gluon self-energy insertions, represented by the grey blobs, in the one-loop QCD corrections.
We now contract the longitudinal factors kρ1 , k
ρ′
1 which appear explicitly in the transverse
tensor tρρ
′
(k1) in (4.7), triggering the Ward identity (2.17) obeyed by the four-point functions
Grρµ, G
r
ρ′ν . Using this Ward identity, together with the fact that S
−1(p2) = S
−1(p4) = 0 for
the on-shell external fermions, one obtains
Figs. 14a−d|ξ=1 = −Q
2g2
∫
[dk1][dk2]
1
k41
{(
Πˆ′(1)ρρ
′
(k1, k2)− k
2
1g
ρρ′∆Π′(1)(k1, k2, 1)
)
×Grρµ(k1,−p3, p − k1, p4)S(p − k1)G
r
ρ′ν(−k1, p1, p2, p− k1)
+CF∆Π
′(1)(k1, k2, 1)γµS(p)γν
}
. (4.8)
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There remain the two external leg corrections shown in Figs. 14e and 14f. The sum of
these two diagrams for arbitrary ξ is given by
Figs. 14e + 14f = −
1
2
Q2g2
∫
[dk1][dk2]
1
k41
Π′(1)ρρ
′
(k1, k2, ξ)
×
(
γµS(p)γνS(p2)γρT
rS(p2 − k1)γρ′T
r + γρT
rS(p4 − k1)γρ′T
rS(p4)γµS(p)γν
)
. (4.9)
We again substitute the decomposition (4.2) for the gluon self-energy integrand, and then the
expression (4.4) for the particular case of the Feynman gauge. In an exactly similar way to
the analogous one-loop corrections in Figs. 2e and 2f, the longitudinal factors kρ1 , k
ρ′
1 which
appear in the transverse tensor tρρ
′
(k1) for the pinch part of the gluon self-energy in (4.9)
trigger the elementary Ward identity (2.16), giving
Figs. 14e + 14f |ξ=1 = −Q
2g2
∫
[dk1][dk2]
1
k41
{(
Πˆ′(1)ρρ
′
(k1, k2)− k
2
1g
ρρ′∆Π′(1)(k1, k2, 1)
)
×
1
2
CF
(
γµS(p)γνS(p2)γρS(p2 − k1)γρ′ + γρS(p4 − k1)γρ′S(p4)γµS(p)γν
)
−CF∆Π
′(1)(k1, k2, 1) γµS(p)γν
}
. (4.10)
Combining the expressions (4.8) and (4.10), the last terms cancel, giving
Figs. 14a−f |ξ=1 = −Q
2g2
∫
[dk1][dk2]
1
k41
(
Πˆ′(1)ρρ
′
(k1, k2)− k
2
1g
ρρ′∆Π′(1)(k1, k2, 1)
)
×
{
Grρµ(k1,−p3, p − k1, p4)S(p− k1)G
r
ρ′ν(−k1, p1, p2, p− k1)
+
1
2
CF
(
γµS(p)γνS(p2)γρS(p2 − k1)γρ′ + γρS(p4 − k1)γρ′S(p4)γµS(p)γν
)}
. (4.11)
Having cancelled among the integrands in Eqs. (4.6) and (4.9) the factors of longitudinal four-
momentum kρ1 , k
ρ′
1 occurring in the pinch part −k
2
1t
ρρ′(k1)∆Π
′(1)(k1, k2, 1) of the integrand for
the one-loop gluon self-energy insertions, the PT two-loop “effective” two-point component
of the diagrams 14a–f may now be identified from the fermion propagator structure of the
integrands in the resulting expression (4.11):
Figs. 14a−f |ξ=1,2−pt = −CFQ
2g2
∫
[dk1][dk2]
1
k41
(
Πˆ
′(1)
ρρ′ (k1, k2)− k
2
1gρρ′∆Π
′(1)(k1, k2, 1)
)
×γµS(p)γ
ρS(p− k1)γ
ρ′S(p)γν . (4.12)
The first term in Eq. (4.12) is the two-loop integrand required for the contribution to −iΣˆ(2)(p)
of the diagram 10c, involving the PT one-loop gluon self-energy insertion in the PT one-loop
fermion self-energy, here embedded in the process qγ → qγ. The second term in Eq. (4.12) is
the gρρ′ component of the pinch part −∆Π
′(1)
ρρ′ of the conventional ξ = 1 self-energy, the k1ρk1ρ′
component having exactly cancelled among the diagrams 14a–f as just described. In the next
subsection, it will be shown how this second term is exactly cancelled by pinch contributions
from the two-loop diagrams involving a single triple gauge vertex.
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4.2 Two-loop corrections involving one triple gauge vertex
We next consider the O(α2s) QCD corrections to qγ → qγ consisting of two-loop diagrams
involving a single triple gauge vertex. Eight of the set of ten such corrections are shown in
Figs. 15a–h (the remaining two are external leg corrections which, in the Feynman gauge,
make no contribution to the “effective” two-point component of the interaction; as before,
there is also a corresponding set of diagrams with crossed external photon legs). As indicated
in Fig. 15, the sums of the diagrams 15a–d, 15e+15f and 15g+15h may be written in terms
of the tree level four-point function defined in Eq. (2.15). It is for these two-loop diagrams
that we shall use the decomposition of the triple gauge vertex given in Eq. (3.4).
We consider first the four diagrams 15a–d. In the Feynman gauge, the sum of these four
diagrams may be written
Figs. 15a−d|ξ=1 = −Q
2g4
∫
[dk1][dk2]
1
k21k
2
2k
2
3
f rstΓρστ (k1, k2, k3)
×Gsσµ(−k2,−p3, p+ k2, p4)S(p + k2)γτT
tS(p− k1)G
r
ρν(−k1, p1, p2, p− k1) , (4.13)
where Γρστ (k1, k2, k3) is the triple gauge vertex appearing in Fig. 15k, with k1 + k2 + k3 = 0.
The decomposition (3.4) substituted directly into the expression (4.13) for Figs. 15a–d is
represented diagrammatically in Fig. 16. In particular, the four terms on the right hand
side of Eq. (3.4) are shown in Figs. 16c–f, respectively. We now consider the contraction
of the diagrams 16a+16b and 16g+16h with each of the four diagrams 16c–f in turn (the
contractions will be represented by the symbol ⊗).
The first term −2ΓP,τρσ(k3; k1, k2) = 2k
ρ
1g
στ − 2kσ2 g
ρτ from the decomposition (3.4) is
shown in Fig. 16c. Substituting this term into the expression (4.13), then using the Ward
identity (2.17), together with S−1(p2) = S
−1(p4) = 0 for the on-shell external fermions, and
also f rstT sT tT r = 12 iCACF , one obtains
Figs. (16a+ 16b) ⊗ 16c⊗ (16g + 16h)|ξ=1
= iCACFQ
2g4
∫
[dk1][dk2]
1
k21k
2
2(k1 + k2)
2
{
γµS(p)γρ
(
S(p− k1) + S(p + k2)
)
γρS(p)γν
+ γµS(p)γρS(p− k1)γνS(p2 − k1)γ
ρ + γρS(p4 + k2)γµS(p+ k2)γ
ρS(p)γν
}
. (4.14)
The four terms on the r.h.s. of Eq. (4.14) are represented in Figs. 16i, 16j, 16n and 16r,
respectively. Each of these four terms involves an internal one-loop gluon self-energy-like
pinch part: the first two terms, shown in Figs. 16i and 16j, are internal pinch contributions to
the conventional one-loop gluon self-energy insertion in the quark self-energy correction shown
in Fig. 14a, i.e. they are contributions to the PT two-loop “effective” two-point component of
the interaction; and the third and fourth terms, shown in Figs. 16n and 16r, are internal pinch
contributions to the conventional one-loop gluon self-energy insertion in the vertex corrections
shown in Figs. 14b and 14c, respectively. Isolating just the first two terms from Eq. (4.14),
making the change of variables k1 ↔ −k2 in the second and then using Eq. (4.5) gives the
“effective” two-point component of the integrand:
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
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

(n)

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k2✛
p+ k2
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
(o)
(p)
(g)
(h)
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p− k1
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(q)
(r)
Fig. 15. a–h: The two-loop QCD corrections to the process qγ → qγ consisting of diagrams with one
triple gauge vertex (the two such diagrams representing external leg corrections are not shown).
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+
(d)
+
(e)
−
(f)


k2✛
p+ k2


(g)
(h)


=
(i)
+
(j)
+
(k)
+
(l)
−
(m)
+
(n)
+
(o)
+
(p)
−
(q)
+
(r)
+
(s)
+
(t)
−
(u)
+
(v)
+
(w)
−
(x)
Fig. 16. a–h: The tree level diagrams shown in Figs. 15i–m, the contraction of which gives the two-
loop diagrams shown in Figs. 15a–d, here with the decomposition (3.4) of the triple gauge vertex
represented explicitly (16c–f). i–x: The contraction of these components. The diagrams in the first
line (16i–m) are contributions to the PT self-energy correction; those in the second and third lines
(16n–u) are contributions to the PT vertex corrections; and those in the fourth line (16v–x) are
contributions to the PT box correction.
23
Figs. (16a + 16b)⊗ 16c ⊗ (16g + 16h)|ξ=1,2−pt
= −CFQ
2g2
∫
[dk1][dk2]
1
k21
∆Π′(1)(k1, k2, 1)γµS(p)γρS(p− k1)γ
ρS(p)γν . (4.15)
We immediately see that the contribution Eq. (4.15) exactly cancels the gρρ′ component of
the pinch part −∆Π
′(1)
ρρ′ of the conventional Feynman gauge one-loop gluon self-energy in
Eq. (4.12). This cancellation leaves in Eq. (4.12) precisely the required integrand Πˆ
′(1)
ρρ′ (k1, k2)
for the unrenormalized PT gauge-independent one-loop gluon self-energy insertion. Adding
the diagram 8i, with the PT one-loop renormalization constant (Z3 − 1)
(1)
PT as the gluon self-
energy counterterm insertion, we have therefore succeeded in obtaining the contribution to
the PT two-loop quark self-energy −iΣˆ(2)(p) of the diagram 10c, involving the renormalized
PT one-loop gluon self-energy correction inserted into the PT one-loop quark self-energy,
embedded in the process qγ → qγ.
The second and third terms ΓFρστ (k1; k2, k3) and Γ
F
στρ(k2; k3, k1) from the decomposition
(3.4) are shown in Figs. 16d and 16e. The corrections to qγ → qγ from these two components
of the triple gauge vertex in Eq. (4.13) are represented diagrammatically in Figs. 16k, 16o,
16t and 16v and Figs. 16l, 16p, 16s and 16w, respectively. The contributions represented in
Figs. 16k and 16l are self-energy-like (“effective” two-point) corrections to the process. We see
immediately that they give precisely the contribution of the diagram 14c to the PT one-loop
quark-gluon vertex insertions appearing in the diagrams 10d and 10e, respectively, for the PT
two-loop quark self-energy −iΣˆ(2)(p), embedded in the process qγ → qγ. The contributions
represented in Figs. 16o, 16p, 16s and 16t are vertex-like corrections to qγ → qγ, while those
in Figs. 16v and 16w are box-like corrections.
The last term −ΓFτρσ(k3; k1, k2) from the decomposition (3.4) is shown in Fig. 16f. The
corrections to qγ → qγ from this component of the triple gauge vertex in Eq. (4.13) are
represented in Figs. 16m, 16q, 16u and 16x, including explicitly in each case the associated
minus sign. The contribution in Fig. 16m is a self-energy-like correction; those in Fig. 16q and
16u are vertex-like corrections; and that in Fig. 16x is a box-like correction. Having obtained,
as just described, the required contributions from the diagrams of Fig. 15, thence Fig. 16,
to the diagrams 10b–e for the PT two-loop fermion self-energy −iΣˆ(2)(p), the self-energy-like
contribution of Fig. 16m is a contribution to the diagram 10f involving the PT quark-gluon
kernel Vˆ (0), all embedded in the process qγ → qγ. The contribution of Fig. 16m thus gives
the component of the PT kernel shown in Fig. 13b, involving just the component ΓF of the
triple gauge vertex.
There remain from Fig. 15 the diagrams 15e–h. In the Feynman gauge, the sum of these
diagrams may be written
Figs. 15e−h|ξ=1 = Q
2g4
∫
[dk1][dk2]
1
k21k
2
2k
2
3
f rstΓρστ (k1, k2, k3)
×
{
Gsσµ(−k2,−p3, p+ k2, p4)S(p + k2)γνS(p2 + k2)γτT
tS(p2 − k1)γρT
r
+ γσT
sS(p4 + k2)γτT
tS(p4 − k1)γµS(p− k1)G
r
ρν(−k1, p1, p2, p− k1)
}
(4.16)
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with k1 + k2 + k3 = 0. For these diagrams, we again use the decomposition (3.4) for the
triple gauge vertex in Eq. (4.16). It is found that, in the Feynman gauge, the diagrams
15e–h make no contribution to the PT self-energy-like (“effective” two-point) component of
the process qγ → qγ. Instead, the first term −2ΓP,τρσ(k3; k1, k2) from Eq. (3.4) results in a
pair of two-loop vertex corrections similar and identical in magnitude to the diagrams 16n
and 16r involving internal one-loop gluon self-energy-like pinch parts, together with a pair of
two-loop external leg corrections, also involving internal one-loop gluon self-energy-like pinch
parts. The remaining three terms from the decomposition Eq. (3.4) of the triple gauge vertex
in Eq. (4.16) produce twelve diagrams, corresponding to the three different ΓF components
from Eq. (3.4) substituted for the triple gauge vertices in the diagrams 15e–h (the orientations
and signs should be clear).
4.3 Two-loop gluonic corrections involving no triple gluon vertices
Finally, we consider the O(α2s) gluonic corrections to qγ → qγ consisting both of one-particle-
irreducible and one-particle-reducible two-loop diagrams with no triple gauge vertices. The
set of such QED-like diagrams are shown in Fig. 17 (the diagrams from this set which are
purely external leg corrections are not shown; nor, as always, are the corresponding diagrams
involving crossed external photon legs). In the Feynman gauge ξ = 1, there appear no factors
of longitudinal gluon four-momentum in the corresponding two-loop integrands for these
diagrams. Thus, in this gauge, no Ward identities are triggered (there is “no pinching”),
and the diagrams in Fig. 17 contribute directly to the PT two-loop self-energy, vertex and
box corrections to qγ → qγ as shown. In particular, the only two contributions to the PT
1PI two-loop quark self-energy (“effective” two-point) correction are from the diagrams 17a
and 17b (the diagram 17a′ gives the one-particle-reducible chain of two PT one-loop quark
self-energies).
From the diagram 17a, adding the corresponding diagrams involving the PT one-loop
fermion self-energy counterterms (Z2 − 1)
(1)
PT and (Zm − 1)
(1)
PT, we immediately obtain the
required contribution to the PT two-loop fermion self-energy −iΣˆ(2)(p) of Fig. 10b, involving
the renormalized PT one-loop quark self-energy as an internal correction to, in turn, the PT
one-loop quark self-energy, all embedded in the process qγ → qγ. This is as remarked at the
beginning of this section.
From the diagram 17b, however, we first have to add and subtract another identical such
contribution. In this way, we obtain from twice the diagram 17b the required contribution of
the diagram 12j to the PT one-loop quark-gluon vertex insertions appearing in the diagrams
10d and 10e, respectively, for −iΣˆ(2)(p), all embedded in the process qγ → qγ. It then remains
to subtract again the contribution of the diagram 17b to avoid overcounting. Having now
obtained all of the required contributions to the diagrams 10b–e, this subtracted contribution
to −iΣˆ(2)(p) is a contribution to the the diagram 10f involving the PT quark-gluon kernel
Vˆ (0), again all embedded in the process qγ → qγ. The contribution of minus Fig. 17b thus
gives the component of the PT kernel shown in Fig. 13c.
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(a) (b) (c) (d) (e) (f)
(g) (h) (i) (j) (k) (l)
(m) (n) (o) (p) (q) (r)
(s) (t) (u) (v)
(w) (x) (y) (z)
(a′) (b′) (c′) (d′)
(e′) (f ′) (g′) (h′)
(i′) (j′) (k′) (l′)
Fig. 17. The two-loop one-particle-irreducible (17a–z) and one-particle-reducible (17a′–l′) gluonic
corrections to the process qγ → qγ consisting of diagrams with no triple gauge vertices (the diagrams
representing purely external leg corrections are not shown).
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4.4 Remarks
The analysis presented in this section may be summarized and commented upon as follows:
(1) In section 4.1, the longitudinal k1ρk1ρ′ component of the pinch part −∆Π
′(1)
ρρ′ (k1, k2, 1)
of the Feynman gauge one-loop gluon self-energy insertion exactly cancelled among the inte-
grands in Eqs. (4.6) and (4.9) for the diagrams 14a–f. This algebraic cancellation is identical
to the cancellation of the longitudinal kρkρ′ component of the lowest order gluon propagator
among the integrands in Eqs. (2.18) and (2.20) for the diagrams 3a–f, described in section 2
for the construction of the PT one-loop quark self-energy.
(2) In section 4.2, the elementary decomposition Eq. (3.4) of the triple gauge vertex, sub-
stituted into Eq. (4.13) for the diagrams 15a–d, provided precisely the required contributions
to −iΣˆ(2)(p) of the diagrams 10c–e involving the PT one-loop gluon self-energy and quark-
gluon vertex internal corrections, and also a contribution to the diagram 10f involving the
PT quark-gluon kernel insertion:
• The first term −2ΓPτρσ(k3; k1, k2) provided the longitudinal factors which gave the two-
loop self-energy-like (“effective” two-point) contributions shown in Figs. 16i and 16j,
involving internal one-loop gluon self-energy-like pinch parts. These contributions ex-
actly cancelled the gρρ′ component of the pinch part −∆Π
′(1)
ρρ′ (k1, k2, 1) of the Feynman
gauge one-loop gluon self-energy appearing in Fig. 14a. This cancellation, together
with that described in section 4.1, left just the required contribution to −iΣˆ(2)(p) of the
diagram 10c, involving the PT one-loop gluon self-energy insertion.
• The second and third terms ΓFρστ (k1; k2, k3), Γ
F
στρ(k2; k3, k1) gave the two-loop self-
energy-like contributions shown in Figs. 16k and 16l. These contributions provided
just the required triple gauge vertex component of the contribution to −iΣˆ(2)(p) of the
diagrams 10d and 10e, involving the PT one-loop quark-gluon vertex insertions.
• The last term −ΓFτρσ(k3; k1, k2) gave the two-loop self-energy-like contribution shown
in Fig. 16m. Having obtained the required terms involving triple gauge vertices in the
contributions to −iΣˆ(2)(p) of the diagrams 10c–e, this term provided a contribution
to the diagram 10f, involving the PT tree level quark-gluon kernel insertion. This
contribution to the PT quark-gluon kernel is shown in Fig. 13b.
It is remarkable that the elementary decomposition Eq. (3.4) of the triple gauge vertex not
only results in the required components of the diagrams 10c–e, but also that the remaining
two-loop fermion self-energy-like contribution, allocated to the PT kernel insertion diagram
10f, involves just the component ΓF of the triple gauge vertex, and appears automatically with
the appropriate minus sign. Thus, as in the PT at one loop, all tree level triple gauge vertices
which occur in the PT two-loop quark self-energy −iΣˆ(2)(p) involve only the component ΓF
of the triple gauge vertex, given in Eq. (3.2).
(3) In section 4.3, the diagrams 17a and 17b provided just the required QED-like compo-
nents of the contributions to −iΣˆ(2)(p) of the diagrams 10b, 10d and 10e involving the PT
one-loop fermion self-energy and quark-gluon vertex internal corrections, and also a second
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contribution to the diagram 10f involving the PT quark-gluon kernel insertion. This contri-
bution to the PT quark-gluon kernel is shown in Fig. 13c. Given that in the Feynman gauge
there occur no longitudinal factors in the integrands for the diagrams of Fig. 17, this was
trivial.
(4) The resulting PT tree level Bethe-Salpeter-type quark-gluon kernel thus corresponds,
as stated in section 3, to the diagrams shown in Fig. 13:
Fig. 13a = iVˆ (0)rsρσ (p, k1, k2) = ig
2
{
ifmrsTmΓFµρσ(−k1 − k2; k1, k2)D
µν(k1 + k2, 1)γν
−T rT sγρS(p − k1 + k2)γσ
}
. (4.17)
It is emphasized that, having obtained the required contributions to −iΣˆ(2)(p) shown in
Figs. 10b–e, the PT kernel insertion contribution shown in Fig. 10f emerged immediately
as the remaining self-energy-like component of the two-loop diagrams, without any further
rearrangement. It is seen from Fig. 13 that the PT kernel indeed has no contributions involving
annihilation into a one-particle (quark) intermediate state. Furthermore, and as already
stated in section 3, the fact that the diagram 13b involves only the component ΓFµρσ of the
triple gauge vertex, with the internal gluon propagator as in the Feynman gauge, means
that the PT tree level quark-gluon kernel Vˆ
(0)rs
ρσ (p, k1, k2) provides no factors of longitudinal
gluon four-momentum k1ρ, k2σ associated with the external gluon legs A
r
ρ(k1), A
s
σ(k2). When
inserted in some diagram, e.g. as in Fig. 10f, the PT kernel therefore does not trigger any Ward
identities, and so does not cause any further PT rearrangement (it triggers no “pinching”).
With hindsight, this is seen to be crucial for the consistency of the PT algorithm at
the two-loop level. For if, having obtained the required contributions to −iΣˆ(2)(p) shown in
Figs. 10b–e, thus accounting for the first three terms on the r.h.s. of the decomposition (3.4)
of the triple gauge vertex appearing in Fig. 15k, the remaining term in (3.4) had involved
further longitudinal factors k1ρ, k2σ, then these factors would have produced further internal
one-loop pinch parts. The allocation of the contributions to Figs. 10c–e would then have been
ambiguous.
(5) The conventional tree level quark-gluon kernel shown in Figs. 9m–o can be written in
terms of the PT kernel as
Fig. 9m = iV (0)rsρσ (p, k1, k2, ξ) (4.18)
= iVˆ (0)rsρσ (p, k1, k2) + g
2f rsmTm
1
(k1 + k2)2
{
−k1ργσ + k2σγρ
− (1− ξ)
(
k21tρσ(k1)− k
2
2tρσ(k2)
) 1
(k1 + k2)2
(k/1 + k/2)
}
. (4.19)
For the case in which the gluon legs Arρ(k1), A
s
σ(k2) are on-shell, contracting the above
expression with polarization vectors ǫρ(k1), ǫ
∗σ(−k2) for the incoming and outgoing gluon
legs, and using k1 · ǫ(k1) = k2 · ǫ
∗(−k2) = k
2
1 = k
2
2 = 0, we obtain
V (0)rsρσ (p, k1, k2, ξ)ǫ
ρ(k1)ǫ
∗σ(−k2) = Vˆ
(0)rs
ρσ (p, k1, k2)ǫ
ρ(k1)ǫ
∗σ(−k2) . (4.20)
Thus, for the case of tree level quark-gluon scattering in which both the incoming and out-
going gluons are on-shell, the amplitudes given by the PT and conventional kernels for the
contributions not involving a one-particle (quark) intermediate state exactly coincide.
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(6) Although not explicitly considered here, it requires only a little more effort to obtain
the two-loop QCD contributions to the PT quark-photon vertex (“effective” three-point func-
tion), quark-photon box (“effective” four-point function) and quark external leg corrections
to qγ → qγ. In contrast to the case of the self-energy component, some or all of the external
legs of these functions are on-shell. In the particular case of the QCD contribution to PT
two-loop quark-photon vertex Γˆ
(2)
µ , this function is given by attaching an external photon
leg in all possible ways to the internal fermion lines occurring in the diagrams for the PT
two-loop quark self-energy −iΣˆ(2). It is then straightforward to verify the simple QED-like
Ward identity for these two-loop functions:
qµΓˆ(2)µ (q, p1, p2) = Σˆ
(2)(p1)− Σˆ
(2)(p2) (4.21)
where q + p1 = p2. Furthermore, the two-loop external quark leg corrections are given by
precisely the same self-energy function −iΣˆ(2) as that just obtained from the “effective” two-
point component of the process. These two facts are also essential for the consistency of the
PT approach.
5 Gauge independence of −iΣˆ(2)(p)
In this section, we again consider the first two steps in the construction of −iΣˆ(2)(p) outlined
at the end of section 3, but now starting from an arbitrary linear covariant gauge, i.e. arbitrary
ξ. It is explicitly shown that the PT two-loop quark self-energy constructed in the previous
section starting from the Feynman gauge ξ = 1 is in fact ξ-independent. The strategy is
to show that the additional contributions to the PT self-energy-like (“effective” two-point)
component of the interaction qγ → qγ which occur when one moves away from the Feynman
gauge exactly cancel among themselves. This cancellation takes place at the level of the
two-loop integrands. In order to demonstrate this cancellation, it will again be convenient to
deal separately with the three classes of two-loop QCD corrections to qγ → qγ considered in
sections 4.1, 4.2 and 4.3, respectively.
5.1 Two-loop corrections involving one-loop gluon self-energy insertions
The set of diagrams for the two-loop corrections to qγ → qγ involving unrenormalized one-loop
gluon self-energy insertions are as shown already in Figs. 14a–f. Using the usual covariant
gauge Feynman rules for the diagram shown in Fig. 9e, the integrand in Eq. (4.1) for the
conventional one-loop covariant gauge gluon self-energy may be written
iΠ′(1)µν (q, k, ξ) = iΠ
′(1)
µν (q, k, 1) + CAg
2 1
k2(k + q)2
Γµρσ(q, k,−k − q)Γνρ′σ′(−q,−k, k + q)
×
{
(1− ξ)lρρ
′
(k)gσσ
′
−
1
2
(1− ξ)2lρρ
′
(k)lσσ
′
(k + q)
}
, (5.1)
where k and k+ q are the four-momenta of the gluons propagating in the loop in Fig. 9e. The
contraction of the longitudinal terms lρρ
′
(k), lσσ
′
(k+ q) in Eq. (5.1) is most easily carried out
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using the elementary Ward identities for the triple gauge vertex:
qρ1Γρστ (q1, q2, q3) = q
2
3tστ (q3)− q
2
2tστ (q2) , (5.2)
qρ1q
σ
2Γρστ (q1, q2, q3) =
1
2
(q2 − q1)
τ ′q23tτ ′τ (q3) . (5.3)
The pinch part of the one-loop covariant gauge gluon self-energy integrand Eq. (5.1),
defined in Eq. (4.2) and given in Eqs. (4.4) and (4.5) for ξ = 1, may be written for arbitrary
ξ as
∆Π′(1)µν (q, k, ξ) = ∆Π
′(1)
µν (q, k, 1) +
3∑
i=1
∆Π
′(1)
i,µν(q, k, ξ) . (5.4)
In Eq. (5.4), the contributions to Π
′(1)
µν (q, k, ξ), hence ∆Π
′(1)
µν (q, k, ξ), which occur for ξ 6= 1
have been written as three distinct components. In the construction of the PT one-loop
gauge-independent gluon self-energy starting from a four-fermion process, these terms are
distinguished as follows: the component ∆Π
′(1)
1,µν(q, k, ξ) is that which is cancelled by the
ξ 6= 1 self-energy-like pinch parts of the conventional one-loop vertex diagrams involving the
triple gauge vertex; the component ∆Π
′(1)
2,µν(q, k, ξ) is that which is cancelled by the ξ 6= 1 self-
energy-like pinch parts from the conventional one-loop box diagrams plus the conventional
one-loop vertex diagrams not involving the triple gauge vertex (i.e. the QED-like diagrams);
and the remaining component ∆Π
′(1)
3,µν(q, k, ξ), purely longitudinal i.e. proportional to qµqν ,
vanishes when the external fermions are on-shell, as is the case in the S-matrix PT. These
three components are given by10
∆Π
′(1)
1,µν(q, k, ξ) = 2A
{
q2tµν(q)− (k + q)
2tµν(k + q)
}
+ Bρρ′
{
gρµt
ρ′
ν (q) + t
ρ
µ(q)g
ρ′
ν
}
, (5.5)
∆Π
′(1)
2,µν(q, k, ξ) = A
{
(k + q)2 − q2
}
gµν − Bµν , (5.6)
∆Π
′(1)
3,µν(q, k, ξ) = A
{
q2 − (k + q)2[1− 2lρρ′(q)t
ρρ′(k + q)]
}
lµν(q) + Bρρ′ l
ρ
µ(q)l
ρ′
ν (q) . (5.7)
In the above expressions, for brevity we have introduced
A = −i(1− ξ)CAg
2 1
k4(k + q)2
q2 , (5.8)
Bρρ′ = i(1− ξ)
2CAg
2 (2k + q)ρ(2k + q)ρ′
8k4(k + q)4
q4 . (5.9)
Substituting Eq. (5.4) into Eq. (4.6), the sum of the four diagrams 14a–d for arbitrary ξ
can be written as
Figs. 14a−d = Figs. 14a−d|ξ=1 + Q
2g2
∫
[dk1][dk2]
1
k41
3∑
i=1
∆Π
′(1)ρρ′
i (k1, k2, ξ)
×Grρµ(k1,−p3, p − k1, p4)S(p − k1)G
r
ρ′ν(−k1, p1, p2, p− k1) . (5.10)
For the purely longitudinal pinch part term ∆Π
′(1)ρρ′
3 (k1, k2, ξ) in Eq. (5.10), proportional
to kρ1k
ρ′
1 , the effect of the longitudinal factors is precisely analogous to the effect of the longitu-
dinal factors from the tree level gluon propagator appearing in Eq. (2.18) for Figs. 3a–d, or the
10 In Eq. (5.7), the dimensional regularization rule
∫
[dk] k−2 = 0 has been used to drop terms which vanish
upon integration.
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longitudinal factors from the pinch part k21t
ρρ′(k1)∆Π
′(1)(k1, k2, 1) of the one-loop-corrected
gluon propagator in Eq. (4.7) for Figs. 14a–d in the Feynman gauge. Thus, using the Ward
identity Eq. (2.17), the i = 3 term in Eq. (5.10) results in a p-independent contribution which
is cancelled algebraically by two corresponding contributions from the expression Eq. (4.9)
for Figs. 14e and 14f. The term ∆Π
′(1)ρρ′
3 (k1, k2, ξ) therefore makes no net contribution to the
process qγ → qγ.
The remaining i = 1, 2 pinch part terms in Eq. (5.10) are neither purely longitudinal nor
purely proportional to gρρ
′
. At this point, we could project out the kρ1k
ρ′
1 and g
ρρ′ components
of ∆Π
′(1)ρρ′
i (k1, k2, ξ), i = 1, 2. The purely longitudinal components would then each give no
net contribution, as in the case of ∆Πρρ
′
3 (k1, k2, ξ). This would leave just the g
ρρ′ components
in Eq. (5.10). In Fig. 14a, these latter are then a contribution to the PT self-energy-like
component of the process, in Figs. 14b and 14c they are contributions to the PT vertex-
like component of the process and in Fig. 14d they are a contribution to the PT box-like
component of the process. The task would then be to show that these gρρ
′
components are
cancelled by corresponding terms from the remaining two-loop diagrams in Figs. 15 and 17.
However, we shall show in the next two subsections that the full functions ∆Π
′(1)ρρ′
i (k1, k2, ξ),
i = 1, 2, in fact emerge naturally from the remaining two-loop diagrams in exactly the form
of Eq. (5.10) but with the opposite sign. The cancellation of the one-loop gluon self-energy
pinch parts ∆Π
′(1)ρρ′
i (k1, k2, ξ), i = 1, 2, therefore occurs immediately, and there is thus no
need to do make this projection.
5.2 Two-loop diagrams with one triple gauge vertex
The subset of two-loop QCD corrections to qγ → qγ involving one triple gauge vertex are
as shown already in Fig. 15 (purely external leg corrections are not shown). As indicated in
Fig. 15, the sum of these eight two-loop diagrams may be written in terms of the four-point
function (2.15):
Figs. 15a−h = Q2g4
∫
[dk1][dk2]D
ρρ′(k1, ξ)D
σσ′(k2, ξ)D
ττ ′(k3, ξ)f
rstΓρ′σ′τ ′(k1, k2, k3)
×
{
Gsσµ(−k2,−p3, p + k2, p4)S(p+ k2)γτT
tS(p− k1)G
r
ρν(−k1, p1, p2, p− k1)
−Gsσµ(−k2,−p3, p+ k2, p4)S(p + k2)γνS(p2 + k2)γτT
tS(p2 − k1)γρT
r
−γσT
sS(p4 + k2)γτT
tS(p4 − k1)γµS(p− k1)G
r
ρν(−k1, p1, p2, p − k1)
}
, (5.11)
with k1+ k2+ k3 = 0. In the above expression, the first term on the r.h.s. corresponds to the
sum of the diagrams 15a–d, the second term to the diagrams 15e + 15f, and the third term
to the diagrams 15g + 15h. Eq. (5.11) is just the generalization to ξ 6= 1 of Eqs. (4.13) and
(4.16).
Using the expression (2.1) together with the Ward identities (5.2) and (5.3), the contrac-
tion of the three gluon propagators with the triple gauge vertex in Eq. (5.11) may be written
in the form
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Dρρ
′
(k1, ξ)D
σσ′(k2, ξ)D
ττ ′(k3, ξ)Γρ′σ′τ ′(k1, k2, k3)
= Dρρ
′
(k1, 1)D
σσ′(k2, 1)D
ττ ′(k3, 1)Γρ′σ′τ ′(k1, k2, k3) + (1− ξ)
1
k21k
2
2k
2
3
×
{[
kρ1
k21
(
k23t
στ (k3)− k
2
2t
στ (k2)
)
+ c.p.
]
+ (1− ξ)
[
kρ1k
σ
2
2k21k
2
2
(k1 − k2)
τ ′k23tτ ′τ (k3)
−
kσ2
4k22k
2
3
(k1 + (k2 − k3))
τ (k2 − k3)
ρ′k21tρ′ρ(k1)
−
kρ1
4k21k
2
3
(k2 − (k3 − k1))
τ (k3 − k1)
σ′k22tσ′σ(k2)
]}
, (5.12)
where “c.p.” indicates cyclic permutations of {k1, ρ}, {k2, σ}, {k3, τ}.
Substituting the above expression into Eq. (5.11) and using the Ward identities (2.16) and
(2.17), together with S−1(p2) = S
−1(p4) = 0 for the on-shell external fermions, it is a matter
of straightforward algebra to obtain
Figs. 15a−h = Figs. 15a−h|ξ=1 − i(1− ξ)CAQ
2g4
∫
[dk1][dk2]
1
k21k
2
2k
2
3
×
{[
1
2k22
(
k23t
ρρ′(k3)− k
2
1t
ρρ′(k1)
)
+
1
2k23
(
k22t
ρρ′(k2)− k
2
1t
ρρ′(k1)
)
+(1− ξ)
k21
8k22k
2
3
(k2 − k3)
ρ′(k2 − k3)
τ tρτ (k1)
]
×Grρ′µ(k1,−p3, p− k1, p4)S(p − k1)G
r
ρν(−k1, p1, p2, p− k1)
+
[
1
2k21
(
k23t
σσ′(k3)− k
2
2t
σσ′(k2)
)
+
1
2k23
(
k21t
σσ′(k1)− k
2
2t
σσ′(k2)
)
+(1− ξ)
k22
8k21k
2
3
tστ (k2)(k1 − k3)
τ (k1 − k3)
σ′
]
×Gsσµ(−k2,−p3, p+ k2, p4)S(p + k2)G
s
σ′ν(k2, p1, p2, p+ k2)
}
+ γµS(p)γν
[
· · ·
]
+
[
· · ·
]
γµS(p)γν . (5.13)
In the above expression, the ellipses in the last line post- and pre-multiplying γµS(p)γν stand
for complicated expressions which are contributions to the external leg corrections.
Making the change of variables k1 ↔ −k2 in the term in Eq. (5.13) involving S(p + k2)
and using the definition Eq. (5.5) then gives
Figs. 15a−h = Figs. 15a−h|ξ=1 − Q
2g2
∫
[dk1][dk2]
1
k41
∆Π
′(1)ρρ′
1 (k1, k2, ξ)
×Grρµ(k1,−p3, p− k1, p4)S(p− k1)G
r
ρ′ν(−k1, p1, p2, p− k1)
+ γµS(p)γν
[
· · ·
]
+
[
· · ·
]
γµS(p)γν . (5.14)
Comparing Eq. (5.14) with Eq. (5.10), we immediately see that the i = 1 pinch part compo-
nent ∆Π
′(1)ρρ′
1 (k1, k2, ξ) of the conventional one-loop gluon self-energy insertion is cancelled
individually for each of the diagrams 14a–d.
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q1, ρ, r
q2, σ, s
q3, µ q4
q5
× six perms.
Fig. 18. The Feynman diagrams specifying the “abelian-like” five-point function Grsρσµ(q1, q2, q3, q4, q5).
5.3 Two-loop diagrams involving no triple gauge vertices
Finally, we consider the two-loop gluonic corrections to qγ → qγ consisting of diagrams with
no triple gauge vertices. The sets of one-particle-irreducible and one-particle-reducible such
diagrams are as shown already in Figs. 17a–z and 17a′–l′, respectively.
In order to deal efficiently with the diagrams 17a–z, it is very convenient to define the
connected “abelian-like” five-point function Grsρσµ(q1, q2, q3, q4, q5), specifying the tree level
coupling of a pair of gluons Arρ(q1), A
s
σ(q2) and a photon A
r
µ(q3) to a quark with electromag-
netic charge Q via quark-gauge boson vertices only, i.e. excluding triple gauge vertices. The
six relevant diagrams are as shown in Fig. 18:
Fig. 18 = −Qg2Grsρσµ(q1, q2, q3, q4, q5) (5.15)
= −Qg2
{
iγρT
rS(q5 − q1)G
s
σµ(q2, q3, q4, q5 − q1)
+iγσT
sS(q5 − q2)G
r
ρµ(q1, q3, q4, q5 − q2)
−iγµS(q5 − q3)
(
γσT
sS(q4 + q1)γρT
r + γρT
rS(q4 + q2)γσT
s
)}
. (5.16)
In Eq. (5.16), advantage has been taken of the four-point function (2.15) to simplify the
expression. This five-point function satisfies the following “Ward” identities:
qρ1G
rs
ρσµ(q1, q2, q3, q4, q5) = f
rstGtσµ(q1 + q2, q3, q4, q5)
−iGsσµ(q2, q3, q4 + q1, q5)S(q4 + q1)T
rS−1(q4)
+iS−1(q5)T
rS(q5 − q1)G
s
σµ(q2, q3, q4, q5 − q1) , (5.17)
qρ1q
σ
2G
rs
ρσµ(q1, q2, q3, q4, q5) =
1
2
f rst(q2 − q1)
τGtτµ(q1 + q2, q3, q4, q5)
−
1
2
i{T r, T s}γµS(q4 + q1 + q2)S
−1(q4)
−
1
2
i{T r, T s}S−1(q5)S(q5 − q1 − q2)γµ
+iT rT sS−1(q5)S(q5 − q1)γµS(q4 + q2)S
−1(q4)
+iT sT rS−1(q5)S(q5 − q2)γµS(q4 + q1)S
−1(q4) . (5.18)
It is easy to see that the eighteen diagrams 17a–r may be obtained simply by contracting
together via a fermion and two gluon propagators a pair of the above five-point functions,
with an overall factor of one half in order to account for the symmetry under interchange of
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the two gluons. Furthermore, the two sets of four diagrams 17s–v and 17w–z may be written
in terms of the four-point function (2.15). Explicitly, we have
Figs. 17a−z = −iQ2g4
∫
[dk1][dk2]D
ρρ′(k1, ξ)D
σσ′(k2, ξ)
×
{
1
2
Grsρσµ(k1, k2,−p3, p− k1 − k2, p4)S(p− k1 − k2)G
rs
ρ′σ′ν(−k1,−k2, p1, p2, p− k1 − k2)
+Grρµ(k1,−p3, p− k1, p4)S(p− k1)γνS(p2 − k1)γσT
sS(p2 − k1 − k2)
×
(
γσ′T
sS(p2 − k1)γρ′T
r + γρ′T
rS(p2 − k2)γσ′T
s
)
+
(
γρ′T
rS(p4 − k1)γσ′T
s + γσ′T
sS(p4 − k2)γρ′T
r
)
×S(p4 − k1 − k2)γσT
sS(p4 − k1)γµS(p− k1)G
r
ρν(−k1, p1, p2, p− k1)
}
. (5.19)
In the above expression, the term involving S(p − k1 − k2) accounts for the diagrams 17a–r,
the term involving Grρµ(k1,−p3, p − k1, p4) accounts for the diagrams 17s–v and the term
involving Grρν(−k1, p1, p2, p− k1) accounts for the diagrams 17w–z.
Using the Ward identities (2.16), (2.17) (5.17) and (5.18) for the factors of longitudinal
four-momentum originating from the gluon propagators in Eq. (5.19), together with S−1(p2) =
S−1(p4) = 0, after some algebra the resulting expression may be written
Figs. 17a−z = Figs. 17a−z|ξ=1 − i(1− ξ)Q
2g4
∫
[dk1][dk2]
1
k21k
4
2
×
{
Gtτµ(k1 + k2,−p3, p− k1 − k2, p4)S(p − k1 − k2)G
t
τ ′ν(−k1 − k2, p1, p2, p− k1 − k2)
×CA
(
gττ
′
− (1− ξ)
(k1 − k2)
τ (k1 − k2)
τ ′
8k21
)
+(CF − CA)G
r
ρµ(k1,−p3, p− k1, p4)S(p − k1)G
r,ρ
ν (−k1, p1, p2, p − k1)
}
+ γµS(p)γν
[
· · ·
]
+
[
· · ·
]
γµS(p)γν . (5.20)
In the above expression, the ellipses post- and pre-multiplying γµS(p)γν again stand for
complicated expressions which are contributions to the external leg corrections.
There remain the one-particle-reducible diagrams 17a′–l′. These diagrams may be written
in terms of the connected four-point function defined in Eq. (2.15):
Figs. 17a′−l′ = iQ2g4
∫
[dk1][dk2]D
ρρ′(k1)D
σσ′(k2)
×
{
Gsσµ(−k2,−p3, p+ k2, p4)S(p+ k2)γσ′T
sS(p)γρ′T
rS(p − k1)G
r
ρν(−k1, p1, p2, p− k1)
+
1
2
Grρµ(k1,−p3, p− k1, p4)S(p − k1)G
r
ρ′ν(−k1, p1, p2, p− k1)S(p2)γσT
sS(p2 − k2)γσ′T
s
+
1
2
γσT
sS(p4 − k2)γσ′T
sS(p4)G
r
ρµ(k1,−p3, p − k1, p4)S(p− k1)G
r
ρ′ν(−k1, p1, p2, p− k1)
}
.
(5.21)
In the above expression, the first term on the r.h.s. accounts for the diagrams 17a′–d′, the
second term for the diagrams 17e′–h′ and the third term for the diagrams 17i′–l′. The second
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and third terms are each just the expression (2.18) for the one-loop corrections shown in
Figs. 3a–d, post- and pre-multiplied, respectively, by the expression for the one-loop external
leg corrections.
Using the Ward identities (2.16) and (2.17) for the factors of longitudinal four-momentum
from the gluon propagators in Eq. (5.21), together with S−1(p2) = S
−1(p4) = 0, we obtain
Figs. 17a′−l′ = Figs. 17a′−l′|ξ=1 + i(1 − ξ)Q
2g4
∫
[dk1][dk2]
1
k21k
4
2
×CFG
r
ρµ(k1,−p3, p − k1, p4)S(p − k1)G
r
ρ′ν(−k1, p1, p2, p− k1)
+ γµS(p)γν
[
· · ·
]
+
[
· · ·
]
γµS(p)γν . (5.22)
Making the changes of variables k2 → −k2 followed by k1 → k1 + k2 in the term in
Eq. (5.20) proportional to S(p − k1 − k2), then combining Eqs. (5.20) and (5.22) and using
the definition Eq. (5.6), we finally obtain for the sum of all of the diagrams in Fig. 17
Figs. 17a−l′ = Figs. 17a−l′|ξ=1 − Q
2g2
∫
[dk1][dk2]
1
k41
∆Πρρ
′
2 (k1, k2, ξ)
×Grρµ(k1,−p3, p− k1, p4)S(p− k1)G
r
ρ′ν(−k1, p1, p2, p− k1)
+ γµS(p)γν
[
· · ·
]
+
[
· · ·
]
γµS(p)γν . (5.23)
Comparing Eq. (5.23) with Eq. (5.10), we see that, just like the i = 1 pinch part component,
the i = 2 pinch part component ∆Π
′(1)ρρ′
2 (k1, k2, ξ) of the conventional one-loop gluon self-
energy insertion is cancelled individually for each of the diagrams 14a–d.
We have thus succeeded in showing (i) that in the integrands for each of the two-loop QCD
corrections to qγ → qγ shown in Figs. 14a–d, the additional pinch parts of the conventional
one-loop gluon self-energy insertion which occur for ξ 6= 1 are each exactly cancelled by
corresponding pinch terms from the remaining two-loop corrections shown in Figs. 15a–h
and 17a–l′, and (ii) that this cancellation exhausts the additional terms from the corrections
shown in Figs. 15 and 17 which occur for ξ 6= 1 (for simplicitly, this latter was only shown
explicitly up to terms which are two-loop external leg corrections).
In the particular case of the PT self-energy-like component of the process qγ → qγ, we
have thus explicitly demonstrated the gauge independence of the contributions of the two-loop
diagrams in Figs. 14, 15 and 17 to the PT two-loop quark self-energy −iΣˆ(2)(p).
5.4 Remarks
We finish this section with two remarks:
(1) At the one-loop level, the simple technique used in section 2 to implement the PT
simultaneously among subsets of diagrams, rather than individual diagrams, lead to little
saving of effort. At the two-loop level, by contrast, with several dozen diagrams and more
factors of longitudinal gluon four-momentum to deal with, this technique enormously facili-
tated the implementation of the PT. Furthermore, by grouping the diagrams for the two-loop
QCD corrections to qγ → qγ as in the above three subsections, the gauge cancellation mecha-
nism which results in the gauge independence of the PT two-loop quark self-energy −iΣˆ(2)(p)
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is seen to be essentially the same as that which results in the gauge independence of the PT
one-loop gluon self-energy iΠˆ(1)(p); only here, the PT one-loop gluon self-energy occurs as
internal corrections in a two-loop process. This fact is consistent with the analysis of Ref. [6],
where it was shown that the PT one-loop gluon self-energy may be obtained from one-loop
processes in which the “external” fields are explicitly off-shell, i.e. the process does not con-
stitute a one-loop S-matrix element, as in the S-matrix PT [2]. Indeed, the diagrammatic
technique used here is the extension to two loops of that used in Ref. [6].
(2) In the above analysis, we did not consider the O(α2s) QCD corrections to qγ → qγ
consisting of one-loop diagrams with one-loop counterterm insertions. These counterterm
insertions are, of course, those obtained in the PT at one loop. For the diagrams involving
the one-loop quark-gluon vertex, quark wavefunction or quark mass renormalization constants
(Z1−1)
(1)
PT, (Z2−1)
(1)
PT and (Zm−1)
(1)
PT, respectively. the implementation of the PT algorithm,
in particular the gauge cancellation mechanism, is precisely as for the O(αs) QCD corrections
to qγ → qγ described in section 2. However, the counterterm corresponding to the one-loop
gluon wavefunction renormalization has the form
− i(Z3 − 1)
(1)
PTk
2tµν(k) (5.24)
i.e. it is transverse. This follows from the fact that the PT one-loop gluon self-energy is trans-
verse. When the counterterm (5.24) is contracted with a pair of tree level gluon propagators,
the gauge-dependent longitudinal parts of the propagators thus vanish.11 There remain,
however, the longitudinal factors from the counterterm itself. If, as here, the “induced” lon-
gitudinal factors from the PT one-loop gluon self-energy insertions are not to be used to
trigger the PT rearrangement, then clearly the corresponding longitudinal factors from the
counterterm (5.24) must not be used either; for to do so would spoil the renormalizability of
the PT two-loop quark self-energy (cf. section 6).
6 Renormalization of −iΣˆ(2)(p)
Finally, we consider the third and last step outlined in section 3, viz. the calculation of the
O(α2s) renormalization constants (Z2 − 1)
(2)
PT and (Zm − 1)
(2)
PT required to renormalize the PT
two-loop quark self-energy. For this task, we shall make use of Z1, Z2, Z3 and Zm to O(αs)
in both the class of linear covariant gauges and the PT, and also Z2 and Zm to O(α
2
s) in
the class of linear covariant gauges. In the minimal subtraction (MS) scheme, with nf active
flavours of fermion, the O(αs) terms are given by [2, 20]
11This statement does not hold for the case in which one starts from a non-covariant gauge. In this case,
the entire analysis of this section would be much more complicated, although the results are expected to be
the same.
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(Z1 − 1)
(1)
ξ =
αs
4π
(
−
3 + ξ
4
CA − ξCF
)
1
ǫ
, (Z1 − 1)
(1)
PT =
αs
4π
(
−CF
)
1
ǫ
,
(Z2 − 1)
(1)
ξ =
αs
4π
(
−ξCF
)
1
ǫ
, (Z2 − 1)
(1)
PT =
αs
4π
(
−CF
)
1
ǫ
,
(Z3 − 1)
(1)
ξ =
αs
4π
(
13− 3ξ
6
CA −
4
3
TFnf
)
1
ǫ
, (Z3 − 1)
(1)
PT =
αs
4π
(
11
3
CA −
4
3
TFnf
)
1
ǫ
,
(Zm− 1)
(1)
ξ =
αs
4π
(
−3CF
)
1
ǫ
, (Zm− 1)
(1)
PT =
αs
4π
(
−3CF
)
1
ǫ
,
(6.1)
where TF is the normalization of the generators for the fermion representation (TF =
1
2 for the
fundamental representation). The required O(α2s) covariant gauge terms are given by [21,22]
(Z2 − 1)
(2)
ξ =
(
αs
4π
)2
CF
{(
ξ2+3ξ
4
CA +
ξ2
2
CF
)
1
ǫ2
+
(
−
ξ2+8ξ+25
8
CA + TFnf +
3
4
CF
)
1
ǫ
}
,
(6.2)
(Zm− 1)
(2)
ξ =
(
αs
4π
)2
CF
{(
11
2
CA − 2TFnf +
9
2
CF
)
1
ǫ2
+
(
−
97
12
CA +
5
3
TFnf −
3
4
CF
)
1
ǫ
}
.
(6.3)
Note that Zm (= m0/m) is gauge-independent.
In order to obtain (Z2−1)
(2)
PT and (Zm−1)
(2)
PT, we first write the PT renormalized two-loop
self-energy in terms of the conventional self-energy as follows:
Σˆ(2)(p) = Σ(2)(p, ξ) + ∆Σ(2)(p, ξ) . (6.4)
The explicit expression for the conventional covariant gauge self-energy Σ(2)(p, ξ) for arbitrary
ξ has recently been given in Ref. [16]. The function ∆Σ(2)(p, ξ) is the sum of the self-energy-
like pinch parts of the two-loop vertex and box corrections to the given process involving the
quark as virtual intermediate state. However, having explicitly constructed Σˆ(2)(p) in the
previous sections directly from subsets of diagrams, rather than via the consideration of the
pinch parts of individual vertex and box diagrams, we will here obtain ∆Σ(2)(p) simply as the
difference between the PT and conventional self-energies. Given the above renormalization
constants, together with the fact that the renormalized function Σ(2)(p, ξ) is finite, it is then
sufficient to determine the counterterm contributions required to make finite the function
∆Σ(2)(p, ξ) in Eq. (6.4) in order to obtain (Z2 − 1)
(2)
PT and (Zm − 1)
(2)
PT.
The function ∆Σ(2)(p, ξ) is conveniently decomposed into four contributions, correspond-
ing to the difference between the diagrams 10b and 8b, 10c and 8c, 10d–f and 8d–f, and 10g
and 8g, respectively:
∆Σ(2)(p, ξ) =
4∑
i=1
∆Σ
(2)
i (p, ξ) . (6.5)
Given that the PT self-energy is gauge-independent, we are at liberty to choose the value of
ξ for which the function ∆Σ(2)(p, ξ) is simplest, i.e. ξ = 1. We have:
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− i∆Σ
(2)
1 (p, 1) = Fig. 10b − Fig. 8b|ξ=1
= CF g
2
∫
[dk1]
{
−
∫
[dk2]∆Π
′(1)(k1, k2, 1) + (Z3 − 1)
(1)
PT − (Z3 − 1)
(1)
ξ=1
}
×
1
k21
tρρ
′
(k1)γρS(p − k1)γρ′ ; (6.6)
−i∆Σ
(2)
2 (p, 1) = Fig. 10c − Fig. 8c|ξ=1
= 0 ; (6.7)
−i∆Σ
(2)
3 (p, 1) = Figs. 10d−f − Figs. 8d−f |ξ=1
= −CACF g
4
∫
[dk1][dk2]
i
k21k
2
2k
2
3
ΓPτρσ(k3; k1, k2) γ
σS(p + k2)γ
τS(p− k1)γ
ρ
−2
{
(Z1 − 1)
(1)
PT − (Z1 − 1)
(1)
ξ=1
}
CF g
2
∫
[dk1]
1
k21
γρS(p − k1)γ
ρ ; (6.8)
−i∆Σ
(2)
4 (p, 1) = Fig. 10g − Fig. 8g|ξ=1
=
{
(Z2 − 1)
(2)
PT − (Z2 − 1)
(2)
ξ=1
}
i(p/−m)
−
{
(Z2(Zm − 1))
(2)
PT − (Z2(Zm − 1))
(2)
ξ=1
}
im . (6.9)
In Eq. (6.6), we have used Eqs. (4.2)–(4.5) for the difference between the PT and Feynman
gauge one-loop gluon self-energy insertions. In Eq. (6.7), we have used the fact that the PT
and Feynman gauge renormalized one-loop quark self-energies coincide. And in Eq. (6.8), we
have used Eqs. (3.4) and (3.5) for the difference between the two sets of triple gauge vertices
involved.
Substituting the expressions (4.5) and (3.3) for ∆Π′(1) and ΓPτρσ, respectively, in Eqs. (6.6)
and (6.7), and then using the elementary Ward identity (2.16) in the latter case, the gρρ
′
part
of the ∆Π′(1) term in Eq. (6.6) is cancelled by an internal pinch term in Eq. (6.7). This is
just the cancellation described in section 4.2. Carrying out the k2 integration in Eq. (6.6),
and substituting the expresions (6.1) for the O(αs) renormalization constants, the sum of the
expressions (6.6)–(6.9) may be written
−i∆Σ(2)(p, 1) = CACF g
4
{∫
[dk1]G(k
2
1/µ
2, ǫ)
1
k41
k/1S(p− k1)k/1
+
∫
[dk1][dk2]
i
k21k
2
2(k1 + k2)
2
(
γµFµ(p, k1, k2)S
−1(p) + S−1(p)Fµ(p, k1, k2)γ
µ
)}
+
{
(Z2 − 1)
(2)
PT − (Z2 − 1)
(2)
ξ=1
}
i(p/ −m) −
{
(Zm − 1)
(2)
PT − (Zm − 1)
(2)
ξ=1
}
im (6.10)
In the above expression, for brevity we have defined
Fµ(p, k1, k2) = S(p+ k2)γµS(p− k1) , (6.11)
G(k21/µ
2, ǫ) =
1
8π2ǫ
{
Γ(1 + ǫ)Γ2(1− ǫ)
Γ(2− 2ǫ)
(
−k21
4πµ2
)
−ǫ
− 1
}
. (6.12)
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Carrying out the remaining integrations is Eq. (6.10), we obtain
− i∆Σ(2)(p, 1) =
{(
αs
4π
)2
CACF
(
1
ǫ2
+
1
ǫ
)
+ (Z2 − 1)
(2)
PT − (Z2 − 1)
(2)
ξ=1
}
i(p/−m)
−
{
(Zm− 1)
(2)
PT − (Zm− 1)
(2)
ξ
}
im
+ terms which are finite as ǫ→ 0 . (6.13)
Requiring that the function ∆Σ(2)(p, 1) be finite as ǫ→ 0 then determines the required O(α2s)
PT renormalization constants: in the MS scheme,
(Z2 − 1)
(2)
PT =
(
αs
4π
)2
CF
{
1
2
CF
1
ǫ2
+
(
−
21
4
CA + TFnf +
3
4
CF
)
1
ǫ
}
, (6.14)
(Zm − 1)
(2)
PT = (Zm − 1)
(2)
ξ . (6.15)
Using Eqs. (6.4) and (6.13), the PT renormalized gauge-independent two-loop quark self-
energy −iΣˆ(2)(p) in the MS scheme may be written in terms of the corresponding conventional
Feynman gauge self-energy as
−iΣˆ(2)(p) = −iΣ(2)(p, ξ = 1)
+CACF g
4
{∫
[dk1]G(k
2
1/µ
2, ǫ)
1
k41
(
S−1(p)S(p − k1)S
−1(p) − S−1(p)
)
+
∫
[dk1][dk2]
i
k21k
2
2(k1 + k2)
2
(
γρFρ(p, k1, k2)S
−1(p) + S−1(p)Fρ(p, k1, k2)γ
ρ
)
+
1
(4π)4
(
−
1
ǫ2
−
1
ǫ
)
iS−1(p)
}
. (6.16)
The integral expression Eq. (6.16) is our final result.
We finish this section with three remarks:
(1) In this section, we have shown by explicit calculation that the two-loop quark self-
energy obtained in the PT is multiplicatively renormalizable by local counterterms. It is
emphasized that this result was not obvious a priori. In particular, the worry was that the
rearrangements which gave the contributions to −iΣˆ(2)(p) shown in Figs. 10b–f would result
in divergent terms of the form, e.g., ǫ−1 ln(−p2/µ2) which then could not be cancelled by local
counterterms, shown in Fig. 10g.
(2) From Eq. (6.16), given that S−1(p) vanishes at p/ = m, it is immediately clear that the
PT two-loop quark self-energy does not shift the position of the propagator pole (to O(α2s)):
Σˆ(2)(p)
∣∣∣
p/=M
= Σ(2)(p, ξ = 1)
∣∣∣
p/=M
+O(α3s) . (6.17)
This is an essential requirement for the consistency of the PT approach, and is in fact expected
on rather general grounds [4].
(3) The quark self-energy obtained in the BFM with quantum gauge parameter ξQ coin-
cides with that obtained in the class of linear covariant gauges with gauge parameter ξ = ξQ
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to all orders12 in perturbation theory: −iΣ
(n)
BFM(p, ξQ) = −iΣ
(n)(p, ξ = ξQ). At the two-loop
level, we therefore obtain immediately from Eq. (6.16)
− iΣˆ(2)(p) 6= −iΣ
(2)
BFM(p, ξQ = 1) . (6.18)
We thus conclude that the correspondence between the PT gauge-independent n-point func-
tions and those obtained in the BFM in the Feynman quantum gauge ξQ = 1 does not persist
beyond one loop.
7 Summary and Conclusions
The extension of the pinch technique (PT) beyond the one-loop approximation requires the
solution of the two problems described in the introduction: (1) how to deal consistently with
triple gauge vertices all three legs of which are associated with gauge fields propagating in
loops; and (2) whether or not to use the “induced” longitudinal factors from internal loop
corrections to trigger further the PT rearrangement, and, if so, how. In this paper, it has been
shown how the first of these problems is consistently solved for the simplest non-trivial case,
viz. the construction in the PT approach of the 1PI two-loop fermion self-energy −iΣˆ(2)(p)
in QCD.
We began (section 2) by reviewing the construction of the PT gauge-independent one-loop
quark self-energy −iΣˆ(1)(p) [3]. This function was obtained from the “effective” two-point
component of the integrands for the one-loop QCD corrections to the Compton scattering
qγ → qγ of a photon off a quark. The fact that gluons do not couple directly to the photons
meant that, for the construction of −iΣˆ(1)(p), this process was considerably simpler than,
e.g., the Compton-like scattering qg → qg of a gluon off a quark. Although the one-loop case
was almost trivial, this review was useful in order to introduce the simple technique used
subsequently at two loops to implement the PT simultaneously among subsets of diagrams,
rather than individual diagrams.
We then turned to the construction of the 1PI two-loop quark self-energy −iΣˆ(2)(p) in the
PT approach. By investigating here only the first of the above problems, it was effectively
assumed that the correct approach to the second problem will turn out to be not to use the
“induced” longitudinal factors to trigger further the PT rearrangement. Thus, “the PT” here
referred to the PT algorithm implemented using longitudinal factors only from lowest order
gauge field propagators and triple gauge vertices.
The starting point for the construction (section 3) was the general diagrammatic represen-
tation of the renormalized two-loop quark self-energy in terms of renormalized one-loop two-
and three-point function and tree level Bethe-Salpeter-type quark-gluon scattering kernel in-
sertions in the one-loop quark self-energy, shown in Figs. 8b–g for the case of the conventional
self-energy. This representation is precisely analogous to the familiar representation [17] of
the renormalized two-loop QED photon self-energy (vacuum polarization) in terms of renor-
malized one-loop two- and three-point function and tree level electron-positron scattering
12This statement is not entirely obvious due to the question of the renormalization of the quantum fields in
the BFM beyond one loop. For a lucid discussion of this issue, see Ref. [11].
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kernel insertions in the one-loop photon self-energy, shown in Figs. 6b–g. The significance of
these representations is two-fold: first, they are explicitly in terms of renormalized one-loop
n-point functions obtained in perturbation theory at the one-loop level; and second, they
are symmetric, in the sense that no orientation of the overall sets of diagrams is preferred.
This latter property, made possible by the introduction of the kernel insertion contributions,
would appear to be essential for the consistent solution of the first problem for the case of
the two-loop quark self-energy in the PT approach.
In order for the PT approach to be consistent, it was first of all required that the contri-
butions to −iΣˆ(2)(p) analogous to those shown in Figs. 8b–e for the conventional case consist
of the PT renormalized gauge-independent one-loop n-point functions appearing as internal
corrections in the PT gauge-independent one-loop quark self-energy −iΣˆ(1)(p). It then re-
mained to determine the PT analogue of the contribution in Fig. 8f involving the tree level
quark-gluon kernel; and finally the PT analogue of the two-loop counterterm insertions shown
in Fig. 8g. The contributions to −iΣˆ(2)(p) are thus as shown in Figs. 10b–g.
In order to carry out the explicit construction of −iΣˆ(2)(p) (section 4), we considered the
two-loop QCD corrections to qγ → qγ, starting from the Feynman gauge. The key to the
construction was the elementary decomposition Eq. (3.4) of the triple gauge vertex which
occurs in the two-loop diagrams shown in Figs. 15a–h. It was shown that this decomposi-
tion not only results in precisely the internal one-loop gluon self-energy-like pinch parts and
triple gauge vertex components ΓF required to obtain the contributions to −iΣˆ(2)(p) shown
in Figs. 10c–e, involving the PT one-loop internal corrections; but also the contribution to
the PT quark-gluon kernel, obtained from the remaining two-loop self-energy-like component
of Figs.15a–h, involves just the component ΓF of the triple gauge vertex which occurs in the
PT one-loop functions. The resulting PT tree level kernel, shown in Fig. 13, thus provides
no factors of longitudinal four-momentum associated with the external gluon legs. As ex-
plained at the end of the section (fourth remark), this is crucial to the consistency of the PT
construction.
In order to demonstrate the gauge independence of −iΣˆ(2)(p) (section 5), we again con-
sidered the two-loop QCD corrections to qγ → qγ, but now starting from arbitrary ξ. With
ξ 6= 1, there then occurred many further factors of longitudinal gluon four-momentum in the
corresponding Feynman integrands. In the case of the forty-six two-loop diagrams shown in
Figs. 15 and 17, these factors were efficiently dealt with by writing the diagrams in terms
of tree level four- and five-point functions contracted together via quark and gluon propaga-
tors. Using the Ward identities for these tree level n-point functions, we were then able to
implement the PT directly among entire subsets of these diagrams, rather than diagram-by-
diagram. In this way, we were able to demonstrate the algebraic cancellation of the additional
contributions which occur for ξ 6= 1 not only to the 1PI two-loop self-energy-like component
of the process, but also the vertex-like and box-like components. The gauge independence of
−iΣˆ(2)(p) was thus explicitly demonstrated in the class of linear covariant gauges.
In order to obtain the two-loop renormalization constants required finally to renormalize
−iΣˆ(2)(p) (section 6), rather than evaluating the divergent part of the diagrams in Figs. 10b–f
directly, we computed only the difference between the divergent part of these diagrams and
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that of the corresponding conventional self-energy diagrams in Figs. 8b–f in the Feynman
gauge. Knowing the two-loop Feynman gauge counterterms, we were then able to obtain the
required two-loop PT counterterms. In this way, it was explicitly shown that the PT two-loop
quark self-energy −iΣˆ(2)(p) is renormalizable.
Before finishing, we briefly turn to the second problem outlined in the introduction. It
is clear from the analysis in sections 2 and 4 that if the integrand Π′(1)ρρ
′
(k1, k2, ξ) for the
conventional one-loop gluon self-energy insertions shown in Figs. 14a–f and given in Eqs. (4.6)
and (4.9) is explicitly written in terms of the transverse tensor k21g
ρρ′− kρ1k
ρ′
1 , then the entire
longitudinal kρ1k
ρ′
1 component exactly cancels among the integrands for the six diagrams.
This cancellation is identical to that of the longitudinal component of the tree level gluon
propagators described in section 2, and the longitudinal component of the pinch part of the
Feynman gauge one-loop gluon self-energy described in section 4.1.
Regarding the role of the longitudinal component of the gauge field propagator, it was
shown some years ago in an elegant paper by Llewellyn Smith [23] that the covariant gauge
fixing parameter ξ in QCD may legitimately be replaced in the lagrangian by an operator
ξ(∂2). This operator may then in principle be chosen so that the radiatively-corrected gauge
field propagator i∆µν(q, ξ) is proportional to gµν to all orders in perturbation theory. In
this way, it was shown that the longitudinal component of the radiatively-corrected covariant
gauge field propagator in QCD makes no contribution to S-matrix elements to all orders
(a result which is relatively obvious in QED). The cancellation described above among the
diagrams of Fig. 14 is just an explicit two-loop example of this.
From the point of view of the PT, it therefore seems plausible that the “induced” factors
of longitudinal gauge field four-momentum from internal corrections should indeed be used to
trigger further the PT rearrangement. However, in order that the resulting n-point functions
continue to satisfy simple QED-like Ward identities, it is necessary to use such factors not
only from the gauge field self-energies, but also the gauge field vertices. For these latter, it is
thus necessary to use the associated invariant tensor decompositions (cf. e.g. Refs. [24,25]) to
isolate the longitudinal factors. The way in which this works for the case of the O(α2snf ) i.e.
mixed fermionic-bosonic contribution to the two-loop gluon self-energy has been described in
Ref. [26].
There are two reasons, however, to believe that the correct approach will turn out to be
not to use the “induced” longitudinal factors to trigger further the PT rearrangement—as
was the effective assumption in this paper. First, it turns out that the longitudinal factors
from internal vertex corrections, if used to trigger the PT rearrangement, make non-vanishing
contributions to the n-point functions which, in contrast to the case at one loop, do not have a
simple interpretation in terms of ghosts [2, 6]. The role of the “induced” longitudinal factors
is therefore qualitatively different from that of the lowest order longitudinal factors which
appear in the PT at the one-loop level. Second, it is hard to see how such an approach could
ever be obtained from a formulation at the level of the path integral—essential if the PT is
to be put on a firm field-theoretic footing. In particular, the required tensor decompositions
of the internal corrections are complicated for all but the self-energy function; and such an
approach clearly precludes a set of Feynman rules.
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To conclude, the analysis presented in this paper represents the first, non-trivial step
towards extending the pinch technique beyond the one-loop level. It is emphasized that,
although the analysis has been complicated, the result—expressed essentially in the diagrams
shown in Figs. 10 to 13—is remarkably simple. It remains to be seen if this extension can be
generalized beyond the case considered here.
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